KALMAN FILTER

Alex Becker




Revision history for the first edition
2023-05-01 First Release
2023-05-08 Minor Typo Updates

ISBN 978-965-598-439-2

Copyright (©) 2023 Alex Becker

KALMANFILTER.NET

All rights reserved. No part of this book may be reproduced, stored in a retrieval
system, or transmitted in any form or by any means, without the prior written
permission of the author, except in the case of brief quotations embedded in critical
articles or reviews.

Every effort has been made in the preparation of this book to ensure the accuracy
of the information presented. However, the information contained in this book is
sold without warranty, either express or implied. The author will not be held li-

able for any damages caused or alleged to be caused directly or indirectly by this book.

First edition, May 2023


https://www.kalmanfilter.net/

The road to learning by precept is

long, by example short and effective.

Lucius Annaeus Seneca

A philosopher of Ancient Rome

Preface
Infroduction

The Kalman Filter algorithm is a powerful tool for estimating and predicting system
states in the presence of uncertainty and is widely used as a fundamental component

in applications such as target tracking, navigation, and control.

Although the Kalman Filter is a straightforward concept, many resources on the
subject require extensive mathematical background and fail to provide practical

examples and illustrations, making it more complicated than necessary.

Back in 2017, I created an online tutorial based on numerical examples and intuitive
explanations to make the topic more accessible and understandable. The online
tutorial provides introductory material covering the univariate (one-dimensional)

and multivariate (multidimensional) Kalman Filters.

Over time, I have received many requests to include more advanced topics, such as
non-linear Kalman Filters (Extended Kalman Filter and Unscented Kalman Filter),

sensors fusion, and practical implementation guidelines.

Based on the material covered in the online tutorial, I authored the “ Kalman Filter
from the Ground Up” e-book.

The original online tutorial will remain available for free access on the KALMANFIL-
TER.NET website. The e-book “Kalman Filter from the Ground Up” and the source

code for the numerical examples can be purchased online.

The book takes the reader from the basics to the advanced topics, covering both
theoretical concepts and practical applications. The writing style is intuitive, priori-
tizing clarity of ideas over mathematical rigor, and it approaches the topic from a

philosophical perspective before delving into quantification.

The book contains many illustrative examples, including 14 fully solved numerical
examples with performance plots and tables. Examples progress in a paced, logical

manner and build upon each other.
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The book also includes the necessary mathematical background, providing a solid

foundation to expand your knowledge and help to overcome your math fears.

This book is the solution for those facing challenges with the Kalman Filter and the

underlying math.

Upon finishing this book, you will be able to design, simulate, and evaluate the

performance of the Kalman Filter.

The book includes four parts:

e Part 1 serves as an introduction to the Kalman Filter, using eight numerical
examples, and doesn’t require any prior mathematical knowledge. You can

Y

call it “The Kalman Filter for Dummies,” as it aims to provide an intuitive
understanding and develop “Kalman Filter intuition.” Upon completing Part 1,
readers will thoroughly understand the Kalman Filter’s concept and be able to
design a univariate (one-dimensional) Kalman Filter.

This part is available for free access!

e Part 2 presents the Kalman Filter in matrix notation, covering the multivariate
(multidimensional) Kalman Filter. It includes a mathematical derivation
of Kalman Filter equations, dynamic systems modeling, and two numerical
examples. This section is more advanced and requires basic knowledge of Linear
Algebra (only matrix operations). Upon completion, readers will understand
the math behind the Kalman Filter and be able to design a multivariate Kalman
Filter.

Most of this part is available for free access!

e Part 3 is dedicated to the non-linear Kalman Filter, which is essential for
mastering the Kalman Filter since most real-life systems are non-linear. This
part begins with a problem statement and describes the differences between
linear and non-linear systems. It includes derivation and examples of the most
common non-linear filters: the Extended Kalman Filter and the Unscented

Kalman Filter.

e Part 4 contains practical guidelines for Kalman Filter implementation, in-
cluding sensor fusion, variable measurement uncertainty, treatment of missing

measurements, treatment of outliers, and the Kalman Filter design process.
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1. The Necessity of Prediction

Before delving into the Kalman Filter explanation, let us first understand the necessity

of a tracking and prediction algorithm.

To illustrate this point, let’s take the example of a tracking radar.

=4

Figure 1.1: Tracking radar.

Suppose we have a track cycle of 5 seconds. At intervals of 5 seconds, the radar

samples the target by directing a dedicated pencil beam.

Once the radar “visits” the target, it proceeds to estimate the current position and
velocity of the target. The radar also estimates (or predicts) the target’s position at

the time of the next track beam.

The future target position can be easily calculated using Newton’s motion equations:

1
T = Xo —I— ’U()At + 5(1At2 (]_]_)

Where:

x is the target position

xo 1s the initial target position
vp 1s the initial target velocity
a is the target acceleration

At is the time interval (5 seconds in our example)
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When dealing with three dimensions, Newton’s motion equations can be expressed

as a system of equations:

)
1
T = xg + VoAl + 3 a, At?

1
Y = Yo + vyt + B ayAtQ (1.2)

1
2 = 20 + v, 0At + 3 a,At?
L

The set of target parameters [z,y, 2, Uy, Uy, Uz, Az, @y, ;] is known as the System
State. The current state serves as the input for the prediction algorithm, while the
algorithm’s output is the future state, which includes the target parameters for the

subsequent time interval.

The system of equations mentioned above is known as a Dynamic Model or State
Space Model. The dynamic model describes the relationship between the input
and output of the system.

Apparently, if the target’s current state and dynamic model are known, predicting

the target’s subsequent state can be easily accomplished.

In reality, the radar measurement is not entirely accurate. It contains random
errors or uncertainties that can affect the accuracy of the predicted target state.
The magnitude of the errors depends on various factors, such as radar calibration,
beam width, and signal-to-noise ratio of the returned echo. The random errors or

uncertainties in the radar measurement are known as Measurement Noise.

In addition, the target motion is not always aligned with the motion equations due
to external factors like wind, air turbulence, and pilot maneuvers. This misalignment
between the motion equations and the actual target motion results in an error or

uncertainty in the dynamic model, which is called Process Noise.

Due to the Measurement Noise and the Process Noise, the estimated target position
can be far away from the actual target position. In this case, the radar might send

the track beam in the wrong direction and miss the target.

In order to improve the radar’s tracking accuracy, it is essential to employ a prediction

algorithm that accounts for both process and measurement uncertainty.

The most common tracking and prediction algorithm is the Kalman Filter.
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Before we start, I would like to explain several fundamental terms such as variance,
standard deviation, normal distribution, estimate, accuracy, precision, mean, expected

value, and random variable.

I expect that many readers of this book are familiar with introductory statistics.
However, at the beginning of this book, I promised to supply the necessary background
that is required to understand how the Kalman Filter works. If you are familiar with

this topic, feel free to skip this chapter and jump to chapter 3.

Mean and Expected Value

Mean and Expected Value are closely related terms. However, there is a difference.

For example, given five coins — two 5-cent coins and three 10-cent coins, we can easily

calculate the mean value by averaging the values of the coins.

Figure 2.1: Coins.

N
1 1
Viscan = 57 > Vo = £ (545 + 10+ 10 + 10) = Scent (2.1)

n=1

The above outcome cannot be defined as the expected value because the system
states (the coin values) are not hidden, and we’ve used the entire population (all 5

coins) for the mean value calculation.

Now assume five different weight measurements of the same person: 79.8kg, 80kg,
80.1kg, 79.8kg, and 80.2kg. The person is a system, and the person’s weight is a

system state.
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-~

Figure 2.2: Man on scales.

The measurements are different due to the random measurement error of the scales.
We do not know the true value of the weight since it is a Hidden State. However,

we can estimate the weight by averaging the scales’ measurements.

N
1
D W= (79.8+80+80.1+79.8+80.2) = 79.98kg (2.2)

n=1

1
W=—
N
The outcome of the estimate is the expected value of the weight.

The expected value is the value you would expect your hidden variable to have over

a long time or many trials.
The mean is usually denoted by the Greek letter u.

The letter E usually denotes the expected value.

Variance and Standard deviation

The Variance is a measure of the spreading of the data set from its mean.
The Standard Deviation is the square root of the variance.

The standard deviation is denoted by the Greek letter o (sigma). Accordingly, the

variance is denoted by o2.

Suppose we want to compare the heights of two high school basketball teams. The
following table provides the players’ heights and the mean height of each team.
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Player 1 Player 2 Player 3 Player 4 Player 5 Mean

Team A 1.89m 2.1m 1.75m 1.98m 1.85m 1.914m

Team B 1.94m 1.9m 1.97m 1.89m 1.87m 1.914m

Table 2.1: Players’ heights.

As we can see, the mean height of both teams is the same. Let us examine the height

variance.

Since the variance measures the spreading of the data set, we would like to know the
data set deviation from its mean. We can calculate the distance from the mean for

each variable by subtracting the mean from each variable.

The height is denoted by x, and the heights mean by the Greek letter u. The distance

from the mean for each variable would be:

Ty — =T, — 1.914m (2.3)

The following table presents the distance from the mean for each variable.

Player 1 Player 2 Player 3 Player 4 Player 5

Team A -0.024m 0.186m -0.164m 0.066m -0.064m

Team B 0.026m -0.014m 0.056m -0.024m  -0.044m

Table 2.2: Distance from the mean.

Some of the values are negative. To get rid of the negative values, let us square the

distance from the mean:

(2 — ) = (2, — 1.914m)* (2.4)

The following table presents the squared distance from the mean for each variable.
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Player 1 Player 2 Player 3 Player 4 Player 5

Team A 0.000576m?  0.034596m?  0.026896m? 0.004356m? 0.004096m?

Team B 0.000676m?  0.000196m? 0.003136m? 0.000576m? 0.001936m?

Table 2.3: Squared distance from the mean.

To calculate the variance of the data set, we need to find the average value of all

squared distances from the mean:
. N
2 . 2
ot == (= n) (2.5)
n=1

For team A, the variance would be:

(0.000576 + 0.034596 + 0.026896 + 0.004356 + 0.004096) = 0.014m?

o]

For team B, the variance would be:

N
1
2
)
n=1

(0.000676 + 0.000196 + 0.003136 + 0.000576 + 0.001936) = 0.0013m?

QU] =

We can see that although the mean of both teams is the same, the measure of the
height spreading of Team A is higher than the measure of the height spreading of
Team B. Therefore, the Team A players are more diverse than the Team B players.
There are players for different positions like ball handler, center, and guards, while

the Team B players are not versatile.

The units of the variance are meters squared; it is more convenient to look at the

standard deviation, which is a square root of the variance.



2.3

2.3 Normal Distribution 33

n=1

e The standard deviation of Team A players’ heights would be 0.12m.
e The standard deviation of Team B players’ heights would be 0.036m.

Now, assume that we would like to calculate the mean and variance of all basketball
players in all high schools. That would be an arduous task - we would need to collect

data on every player from every high school.

On the other hand, we can estimate the players’ mean and variance by picking a big

data set and making the calculations on this data set.

The data set of 100 randomly selected players should be sufficient for an accurate

estimation.

However, when we estimate the variance, the equation for the variance calculation is
slightly different. Instead of normalizing by the factor N, we shall normalize by the
factor N — 1:

2 1 2
o' = ) =) (2.7)

n=1
The factor of N — 1 is called Bessel’s correction.

You can see the mathematical proof of the above equation on visiondummy or
Wikipedia.

Normal Distribution

It turns out that many natural phenomena follow the Normal Distribution. The
normal distribution, also known as the Gaussian (named after the mathematician

Carl Friedrich Gauss), is described by the following equation:

1 —(z—p)”
f(zyp,0%) = = exp (%) (2.8)

2ro

The Gaussian curve is also called the PDF (Probability Density Function) for

the normal distribution.


http://www.visiondummy.com/2014/03/divide-variance-n-1/
https://en.wikipedia.org/wiki/Bessel%27s_correction
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The following chart describes PDFs of the pizza delivery time in three cities: city
A, city 'B,” and city 'C.’

Distribution of pizza delivery times

== City A, p: 30, 0: 5
we City B, p: 40, 0: 5
=== City C, u: 30, 0: 10

0.06 -

0.05 -

Density

0.03 -

0.02 -

0.01 -

o 10 20 30 40 50 60

Minutes

Figure 2.3: Normal distribution PDF's.

e In city ’A,” the mean delivery time is 30 minutes, and the standard deviation
is 5 minutes.

e In city 'B,” the mean delivery time is 40 minutes, and the standard deviation
is 5 minutes.

e In city ’C,” the mean delivery time is 30 minutes, and the standard deviation

is 10 minutes.

We can see that the Gaussian shapes of the city "A’ and city 'B’ pizza delivery times
are identical; however, their centers are different. That means that in city "A,” you
wait for pizza for 10 minutes less on average, while the measure of spread in pizza

delivery time is the same.

We can also see that the centers of Gaussians in the city A’ and city 'C’ are the
same; however, their shapes are different. Therefore the average pizza delivery time

in both cities is the same, but the measure of spread is different.

The following chart describes the proportions of the normal distribution.
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Distribution of pizza delivery times

0.08 -

0.07 -

006 -

Density

0.02 -

0.00 -

Minutes

08.26%

95.44%

) 09.74%

-
+ L

Figure 2.4: Proportions of the normal distribution.

e 68.26% of the pizza delivery times in City A lie within p + o range (25-35
minutes)

e 95.44% of the pizza delivery times in City A lie within p + 20 range (20-40
minutes)

e 99.74% of the pizza delivery times in City A lie within p + 30 range (15-45

minutes)

Usually, measurement errors are distributed normally. The Kalman Filter design

assumes a normal distribution of the measurement errors.

2.4 Random Variables

A random variable describes the hidden state of the system. A random variable is

a set of possible values from a random experiment.

The random variable can be continuous or discrete:

e A continuous random variable can take any value within a specific range, such
as battery charge time or marathon race time.
e A discrete random variable is countable, such as the number of website visitors

or the number of students in the class.
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The random variable is described by the probability density function. The probability

density function is characterized by moments.

The moments of the random value are expected values of powers of the random

variable. We are interested in two types of moments:

e The k' raw moment is the expected value of the k' power of the random
variable: E (X*).

e The k' central moment is the expected value of the £ power of the random
variable distribution about its mean: F ((X — 1 X)k)

In this book, the random variables are characterized by the following:

e The first raw moment F (X) — the mean of the sequence of measurements.
o The second central moment E ((X — p X)Z) — the variance of the sequence of

measurements.

Estimate, Accuracy and Precision

An Estimate is about evaluating the hidden state of the system. The true position
of the aircraft is hidden from the observer. We can estimate the aircraft position
using sensors, such as radar. The estimate can be significantly improved by using
multiple sensors and applying advanced estimation and tracking algorithms (such as

the Kalman Filter). Every measured or computed parameter is an estimate.
Accuracy indicates how close the measurement is to the true value.

Precision describes the variability in a series of measurements of the same parameter.

Accuracy and precision form the basis of the estimate.

The following figure illustrates accuracy and precision.

Y y_ Estimates Estimates 1
@ ¢ Estimates o 99 .....
True Value True Value True Value
X X X
® ®
Low accuracy Low accuracy High accuracy
Low precision High precision High precision

Figure 2.5: Accuracy and Precision.
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High-precision systems have low variance in their measurements (i.e., low uncertainty),
while low-precision systems have high variance in their measurements (i.e., high

uncertainty). The random measurement error produces the variance.

Low-accuracy systems are called biased systems since their measurements have a

built-in systematic error (bias).

The influence of the variance can be significantly reduced by averaging or smoothing
measurements. For example, if we measure temperature using a thermometer with a
random measurement error, we can make multiple measurements and average them.
Since the error is random, some measurements would be above the true value and
others below the true value. The estimate would be close to the true value. The

more measurements we make, the closer the estimate will be.

On the other hand, a biased thermometer produces a constant systematic error in

the estimate.

All examples in this book assume unbiased systems.

Summary

The following figure represents a statistical view of measurement.

Expected Value E (x)

(Measurements mean [y )

PDF of

Measurements accuracy (bias) measurements

v

o = o ]

<

o —— oo b coseummes e o -~ »
True value —a,, Measurements
1

.
Measurements precision
(uncertainty)

Figure 2.6: Statistical view of measurement.

A measurement is a random variable described by the PDF'.

The mean of the measurements is the Expected Value of the random variable.
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The offset between the mean of the measurements and the true value is the accuracy

of the measurements, also known as bias or systematic measurement error.

The dispersion of the distribution is the measurement precision, also known as the
measurement noise, random measurement error, or measurement uncer-

tainty.
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3. The o — 5 — ~ filter

This chapter is introductory, and it describes the a — § and oo — 8 — 7 filters. These
filters are frequently used for time series data smoothing. The principles of the

a — B(—) filter are closely related to the Kalman Filter principles.

Example 1 - Weighting the gold

Now we are ready for the first simple example. In this example, we estimate the
state of the static system. A static system is a system that doesn’t change its state
over a reasonable period. For instance, the static system could be a tower, and the
state would be its height.

In this example, we estimate the weight of the gold bar. We have unbiased scales, i.e.,
the measurements don’t have a systematic error, but the measurements do include

random noise.

Figure 3.1: Gold Bars.

The system is the gold bar, and the system state is the weight of the gold bar. The
dynamic model of the system is constant since we assume that the weight doesn’t

change over short periods.

To estimate the system state (i.e., the weight value), we can make multiple measure-

ments and average them.
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Weight |

Measurements

True Value

Measurements

Figure 3.2: Measurements vs. True value.

At the time n, the estimate Z,,,, would be the average of all previous measurements:

~
Tpn =

%(z1+22+...+2n_1+2n) = EZ (2:) (3.1)

Example Notation:

T

“n

Tnn
anrl,n
Tn—1n—1

)

xn,nfl

is the true value of the weight

is the measured value of the weight at time n

is the estimate of = at time n (the estimate is made after taking the
measurement z, )

is the estimate of the future state (n + 1) of . The estimate is made at the
time n. In other words, Z,41, is a predicted state or extrapolated state

is the estimate of x at time n — 1 (the estimate is made after taking the
measurement z, 1)

is a prior prediction - the estimate of the state at time n. The prediction is

made at the time n — 1

p) In the literature, a caret (or hat) over a variable indicates an estimated value.

The dynamic model in this example is static (or constant) since the weight of gold

doesn’t change over time, therefore z,.1, = 2, .

Although the Equation 3.1 is mathematically correct, it is not practical for implemen-

tation. In order to estimate 2, , we need to remember all historical measurements;

therefore, we need a large memory. We also need to recalculate the average repeatedly
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if we want to update the estimated value after every new measurement. Thus, we

need a more powerful Central Processing Unit (CPU).

It would be more practical to keep the last estimate only (Z,-1,-1) and update it

after every new measurement. The following figure exemplifies the required algorithm:

e Estimate the current state based on the measurement and prior prediction.

e Predict the next state based on the current state estimate using the Dynamic

Model.
n-1 n n+1 .
time
O O @ >

@

Dynamic
Model

State Update

xn,n—l xn+1,n

Figure 3.3: Fzample Notation.

We can modify the averaging equation for our needs using a small mathematical
trick:
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Equation

Notes

1
=1
In—1n—t 1
:ﬁn—lz(zi)jL_zn
i=1
n—1 1 ”’3 ‘ 1
= 0o lZ(i/)‘i‘ Zn
n—1 1
- LTn—1n—1 +_Zn
n n
1 1

= Tp-1n—1 — — Tpn-1n—1 + -z
n n

1
= i'nfl,nfl + E (Zn - -i.nfl,nfl)

Average formula: sum of n measurements

divided by n

Sum of the n — 1 measurements plus the

last measurement divided by n

Expand

Multiply and divide by term n — 1

Reorder. The ’orange’ term is the prior

estimate

Rewriting the sum

n—1

n

Distribute the term

Reorder

Table 3.1: Averaging equation.

Zp_1,—1 is the estimated state of x at the time n — 1, based on the measurement at

the time n — 1.

Let’s find &, ,_; (the predicted state of = at the time n), based on Z,_;,-1 (the

estimation at the time n — 1). In other words, we would like to extrapolate Z,_1 ;1

to the time n.

Since the dynamic model in this example is static, the predicted state of x equals

the estimated state of x: 2,1 = Ty,—15-1-

Based on the above, we can write the State Update Equation:
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State Update Equation

. . 1 .
Tnn = Tpn—1 + E (zn - xn,n—l) (32)

The State Update Equation is one of the five Kalman filter equations. It means the

following:

The estimate
of the current
state

Predicted
value of the
current state

Factor

Measurement

Predicted
value of the
current state

Figure 3.4: State Update Equation.

The factor 1 / n is specific to our example. We will discuss the vital role of this factor
later, but right now, I would like to note that in “Kalman Filter language,” this
factor is called the Kalman Gain. It is denoted by K,,. The subscript n indicates

that the Kalman Gain can change with every iteration.
The discovery of K,, was one of Rudolf Kalman’s significant contributions.

Before we get into the guts of the Kalman Filter, we use the Greek letter «, instead
of K,,.

So, the State Update Equation looks as follows:
i'n,n = i'n,n—l + ay, (Zn - ‘%n,n—l) (33)

The term (2, — Zyn—1) is the “measurement residual,” also called innovation. The

innovation contains new information.

In this example, 1/n decreases as n increases. In the beginning, we don’t have
enough information about the current state; thus, the first estimation is based on
the first measurement %|n:1 = 1. As we continue, each successive measurement
has less weight in the estimation process, since 1 /n decreases. At some point, the

contribution of the new measurements will become negligible.

Let’s continue with the example. Before we make the first measurement, we can
guess (or rough estimate) the gold bar weight simply by reading the stamp on the

gold bar. It is called the Initial Guess, and it is our first estimate.
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The Kalman Filter requires the initial guess as a preset, which can be very rough.

Estimation algorithm

The following chart depicts the estimation algorithm that is used in this example.

MEASURE @ INITIALIZE @

Input: Output: System Input:
Measured Value State Estimate ¥, ,, System State
= Initial Guess

Zn Xo,0
UPDATE m PREDICT ; @
Unit Del
Estimate the current Calculate the predicted state {:I_. :_:‘}r
Calculate.the |—| state using the State — for the next iteration using —
Kalman Gain {a) Update Equation Xnn system'’s Dynamic Model Tnt1n
jmn—l

Figure 3.5: State Update Equation.

Now we are ready to start the measurement and estimation process.

The numerical example

Ilteration Zero
Initialization

Our initial guess of the gold bar weight is 1000 grams. The initial guess is used only

once for the filter initiation. Thus, it won’t be required for successive iterations.

SIAZ(LO = 10009

Prediction

The weight of the gold bar is not supposed to change. Therefore, the dynamic model
of the system is static. Our next state estimate (prediction) equals the initialization:

.fl,() = ZIAZO’O = 1000g

First lteration
Step 1

Making the weight measurement with the scales:

z1 = 9964
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Step 2

Calculating the gain. In our example «,, = !/n, thus:
1

a1 = I =1

Calculating the current estimate using the State Update Equation:

F11 =10+ aq (21 — 1) = 1000 + 1 (996 — 1000) = 996¢

p ) The initial guess could be any number in this specific example. Since oy = 1,

the initial guess is eliminated in the first iteration.

Step 3
The dynamic model of the system is static; thus, the weight of the gold bar is not

supposed to change. Our next state estimate (prediction) equals to current state

estimate:

IIAZ'QJ = 5%171 = 9969

Second lteration

After a unit time delay, the predicted estimate from the previous iteration becomes

the prior estimate in the current iteration:
5%271 = 996g
Step 1
Making the second measurement of the weight:
Step 2
Calculating the gain:

1

Ny — —

2

Calculating the current estimate:
. . 1
To2 = Zj\fg’l + (6] (ZQ — 17271) =996 + 5 (994 — 996) = 9959

Step 3
j,’g_yg = JEQ’Q = 9959
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3.1.2.4 Third lteration

z3 = 1021g
1
3 = g

1
33 = 995+ 5(1021 —995) = 1003.67¢
JA]473 = 1003679

3.1.2.5 Fourth Iteration

z4 = 1000¢g
1
Qy = Z

1
F4.4 = 1003.67 + (1000 — 1003.67) = 1002.759
254 = 1002.75¢

3.1.2.6 Fifth lteration

1
T55 = 1002.75 + 5(1002 —1002.75) = 1002.6¢
52'6,5 = 100269

3.1.2.7 Sixth lteration

26 = 1010g
1
g = 6

1
Zg6 = 1002.6 + 6(1010 —1002.6) = 1003.83
j7,6 = 1003839
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3.1.2.8 Seventh Iteration

2 = 983g
1
a7 = ?

1
Z77 = 1003.83 + 5(983 — 1003.83) = 1000.86¢
jfs_j = 100086g

3.1.2.9 Eighth Iteration

28 = 9719
1
ag = é

1
Zg g = 1000.86 + §(971 —1000.86) = 997.125¢
j,’g_yg = 997125g

3.1.2.10 Ninth Iteration

z9 = 993¢g
1
Qg = §

1
Tgg = 997.125 + 9 (993 — 997.125) = 996.67¢g
j;10,9 = 996679

3.1.2.11 Tenth lteration

210 = 10239
1
Q1o = 10

1
Z10,10 = 996.67 + 0 (1023 — 996.67) = 999.3¢
.QA711710 = 9993g

We can stop here. The gain decreases with each measurement. Therefore, the
contribution of each successive measurement is lower than the contribution of the
previous measurement. We get pretty close to the true weight, which is 1000g. If we

were making more measurements, we would get closer to the true value.
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The following table summarizes our measurements and estimates, and the chart

compares the measured values, the estimates, and the true value.

ap 1 a%) ag ay as Qg ar ag Qg Q10

Zn 996 994 1021 1000 1002 1010 983 971 993 1023

Tnn 996 995  1003.67 1002.75 1002.6 1003.83 1000.86 997.125 996.67 999.3

Tnt1n 996 995  1003.67 1002.75 1002.6 1003.83 1000.86 997.125 996.67 999.3

Table 3.2: Example 1 summary.

Results analysis

The following chart compares the true, measured, and estimated values.

—o&— Measurements
—8— Estimates
—4— True values

1020 A

1010 4

1000 1

A D
q . 1 ; 1 . .

Weight (g)

©
o
o

2 4 6 8 10

Iterations

Figure 3.6: Ezample 1: Measurements vs. True value vs. Estimates.

The estimation algorithm has a smoothing effect on the measurements and converges

toward the true value.

Example summary

In this example, we’'ve developed a simple estimation algorithm for a static system.
We have also derived the state update equation, one of the five Kalman Filter

equations. We will revise the state update equation in subsection 4.1.4.
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Example 2 - Tracking the constant velocity aircraft

It is time to examine a dynamic system that changes its state over time. In this
example, we track a constant-velocity aircraft in one dimension using the o — [
filter. Let us assume a one-dimensional world. We assume an aircraft that is moving
radially away from the radar (or towards the radar). In the one-dimensional world,
the angle to the radar is constant, and the aircraft altitude is constant, as shown in
the following figure. The following chart compares the true, measured, and estimated

values.

WV

X1 x2

Figure 3.7: 1D scenario.

x, represents the range to the aircraft at time n. The aircraft velocity can be
approximated using the range differentiation method - the change in the measured

range with time.

Thus, the velocity is a derivative of the range:

dx

o (3.4)

j} =V =
The radar sends a track beam in the direction of the target at a constant rate. The

track-to-track interval is At.

Two motion equations describe the system dynamic model for constant velocity
motion:

Tl = ’ (3.5)

Tp+1 = T
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According to Equation 3.5, the aircraft range at the next track cycle equals the range
at the current track cycle plus the target velocity multiplied by the track-to-track
interval. Since we assume constant velocity in this example, the velocity at the next

cycle equals the velocity at the current cycle.

The above system of equations is called a State Extrapolation Equation (also
called a Transition Equation or a Prediction Equation) and is also one of the
five Kalman filter equations. This system of equations extrapolates the current state

to the next state (prediction).

We have already used the State Extrapolation Equation in the previous example,
where we assumed that the weight at the next state equals the weight at the current

state.

The State Extrapolation Equations depend on the system dynamics and differ from

example to example.

There is a general form of the State Extrapolation Equation in matrix notation. We

learn it later.

In this example, we use the above equations specific to our case.

p ) We have already learned two of the five Kalman Filter equations:

e State Update Equation

e State Extrapolation Equation

Now we are going to modify the State Update Equation for our example.

The o — 3 filter

Let the radar track-to-track (At) period be 5 seconds. Assume that at time n—1, the
estimated range of the Unmanned Air Vehicle (UAV) is 30,000m, and the estimated
UAV velocity is 40m/s.

Using the State Extrapolation Equations, we can predict the target position at time

n:
Tpme1 = Zn-1m-1 + Atd,_1 1 = 30000 4 5 x 40 = 30200m
The target velocity prediction for time n:
fvmn,l = :i“n,lyn,l =40m/s

However, at time n, the radar measures range (z,) of 30,110m and not 30,200m
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as expected. There is a 90m gap between the expected (predicted) range and the

measured range. There are two possible reasons for this gap:

e The radar measurements are not precise.

e The aircraft velocity has changed. The new aircraft velocity is: w

22m/s.
Which of the two statements is true?

Let us write down the State Update Equation for the velocity:

2 2 Zn — jn n—
Zm = Fnno1 + 3 <T1> (3.6)

The value of the factor 5 depends on the precision level of the radar. Suppose that
the 1o precision of the radar is 20m. The 90 meters gap between the predicted and
measured ranges most likely results from a change in the aircraft velocity. We should
set the g factor to a high value in this case. If we set § = 0.9, then the estimated

velocity would be:

. . Zn = Tpp—1 30110 — 30200

On the other hand, suppose that the 1o precision of the radar is 150m. Then the 90
meters gap probably results from the radar measurement error. We should set the
B factor to a low value in this case. If we set § = 0.1, then the estimated velocity

would be:

. X Zn = Tnpn-1 30110 — 30200
Tnn = Tpn-—1 + 6 T =40+0.1 5 = 38277’L/S

If the aircraft velocity has changed from 40m/s to 22m/s, we see this after 10 track
cycles (running the above equation 10 times with 5 = 0.1). If the gap has been
caused by measurement error, then the successive measurements would be in front
or behind the predicted positions. Thus on average, the target velocity would not

change.

The State Update Equation for the aircraft position is similar to the equation that

was derived in the previous example:
Tnn = Tnn-1 + a (Zn - xn,n—l) (37)

Unlike the previous example, where the a factor is recalculated in each iteration
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(ozn = l) , the a factor is constant in this example.
n

The magnitude of the a factor depends on the radar measurement precision. For high
precision-radar, we should choose high «, giving high weight to the measurements.

If a = 1, then the estimated range equals the measured range:

Tpm = Tpn1 + 1 (2 — Tnp-1) = 2n (3.8)
If @ =0, then the measurement has no meaning:

Tpm = Tpno1 + 0 (2 — Tnp-1) = Tnpn-1 (3.9)

So, we have derived a system of equations that composes the State Update Equation
for the radar tracker. They are also called o — f track update equations or o — [

track filtering equations.

The State Update Equation for position and velocity

in,n - :i’n,nfl + (zn - jn,nfl)

N N Zn — i‘n,n—l (310)
Tnn = Tpn-1 + ﬁ T

p ) Insome books, the a — 3 filter is called the g-h filter, where the Greek letter
« is replaced by the English letter g, and the English letter h replaces the
Greek letter 5.

R ) In this example, we are deriving the aircraft velocity from the range measure-
ments ( & = % ). Modern radars can measure radial velocity directly using
the Doppler Effect. However, my goal is to explain the Kalman Filter, not the
radar operation. So, for the sake of generality, I will keep deriving the velocity

from the range measurements in our examples.
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Estimation Algorithm

The following chart depicts the estimation algorithm that is used in this example.

MEASURE @ INITIALIZE @

Input: Output: System ;“F'“t: S
Measured Value State Estimate X, ,, ‘i.“.em tate
Initial Guess

z, EU.D
UPDATE D PREDICT H [ Step3 J
Unit Del
Estimate the current Calculate the predicted state (:'_’ :_?_')"
a, B |—| state using the State — for the next iteration using —
Update Equation nn system’s Dynamic Model Antin
jZn,n—l

Figure 3.8: o — 3 filter estimation algorithm.

Unlike the previous example, the Gain values a and [ are given for this example. For
the Kalman Filter, the o and 3 are replaced by Kalman Gain, which is calculated at

each iteration, but we learn it later.

Now we are ready to start a numerical example.

The numerical example

Consider an aircraft moving radially toward (or away from) a radar in a one-

dimensional world.

The o — (3 filter parameters are:
e a=0.2
e 5=0.1

The track-to-track interval is 5 seconds.

p ) Note: In this example, we use an imprecise radar and a low-speed target (UAV)
for better graphical representation. The radars are usually more precise in real

life, and the targets can be much faster.

Ilteration Zero
Initialization

The initial conditions for the time n = 0 are given:
JAZ()_Q = 30000m

xfo_o =40m/s
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p) The Track Initiation (or how we get the initial conditions) is an important
topic that will be discussed in chapter 21. Right now, our goal is to understand
the basic oo — f filter operation, so let’s assume that the initial conditions are

given by somebody else.

Prediction

The initial guess should be extrapolated to the first cycle using the State Extrapolation
Equations:
Tptin = Tnn + At:f:nm — 1,0 = Top + At.%()p = 30000 + 5 x 40 = 30200m

Tpi1n = Tnp — T10 = oo = 40m/s

First Iteration

In the first cycle (n = 1), the initial guess is the prior estimate:
Lz'n,n,1 = 12170 = 30200m

Tpn—1 = T10 = 40m/s

Step 1
The radar measures the aircraft range:

21 = 30171m

Step 2

Calculating the current estimate using the State Update Equation:
11 = T10+ a (21 — T10) = 30200 + 0.2 (30171 — 30200) = 30194.2m

. ) 2 — &1 30171 — 30200
T11 = 21,0 + ﬁ T =40+ 0.1 5 = 3942m/3

Step 3
Calculating the next state estimate using the State Extrapolation Equations:
Zo1 = @1y + Aty = 30194.2 + 5 x 39.42 = 30391.3m

%271 = 51?3171 == 3942m/3
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Second lteration

After a unit time delay, the predicted estimate from the previous iteration becomes

the prior estimate in the current iteration:

91 = 30391.3m
o1 = 39.42m /s

Step 1

The radar measures the aircraft range:

2o = 30353m

Step 2

Calculating the current estimate using the State Update Equation:
Tgo = To1 + a (2 — 231) = 30391.3 + 0.2 (30353 — 30391.3) = 30383.64m

A 2 — fa1 30353 — 30391.3
99 =91 + | ——— ] =39.424 0.1 = 38.65m/s

At >

Step 3

Calculating the next state estimate using the State Extrapolation Equations:
T30 = Too + At.’i’lg = 30383.64 + 5 x 38.65 = 30576.9m

2%372 = 11?3272 = 3865TTL/<5

Third lteration

zg = 30756m
Z33 = 30576.9 4 0.2 (30756 — 30576.9) = 30612.73m

. 30756 — 30576.9
T35 = 38.65 + 0.1 E =42.2m/s

Ty3 = 30612.73 + 5 x 42.2 = 30823.9m
.%473 = 422m/s
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3.2.3.5 Fourth lteration

zy = 30799m
T44 = 30823.9 4 0.2 (30799 — 30823.9) = 30818.93m

) 30799 — 30823.9
das =42.240.1 - = 41.7m/s

5.4 = 30818.93 + 5 x 41.7 = 31027.6m
54 = 41.7m/s

3.2.3.6 Fifth lteration

2 = 31018m
T55 = 31027.6 4+ 0.2 (31018 — 31027.6) = 31025.7m
31018 — 31027.6

z =41.55m/s

Te5 = 31025.7 + 5 x 41.55 = 31233.4m
L5 = 41.55m/s

T55 =417+ 0.1 (

3.2.3.7 Sixth lteration

26 = 31278m
Tee = 31233.4 4+ 0.2 (31278 — 31233.4) = 31242.3m
31278 — 31233.4
= 42.44m/s
5
T7e = 31242.3 + 5 x 42.44 = 31454.5m
T76 = 42.44m s

T66 = 41.55 4 0.1 (

3.2.3.8 Seventh Iteration

27 = 31276m
T77 = 31454.5 4+ 0.2 (31276 — 31454.5) = 31418.8m

) 31276 — 31454.5
Tr7 =42.4440.1 g = 38.9m/s

57 = 31418.8 + 5 x 38.9 = 31613.15m
Ts7 = 38.9m/5
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Eighth Iteration

zg = 31379m
Tgg = 31613.15 + 0.2 (31379 — 31613.15) = 31566.3m

. 31379 — 31613.15
Tgg = 38.94 0.1 ) =34.2m/s

og = 31566.3 + 5 x 34.2 = 31737.24m
Tog = 34.2m/s

Ninth Iteration

2o = 31748m
o9 = 31737.24 + 0.2 (31748 — 31737.24) = 31739.4m

R 31748 — 31737.24
Tgg = 34.24 0.1 7 = 34.4m/s

100 = 31739.4 4 5 x 34.4 = 31911.4m
.%1079 = 344m/5

Tenth Iteration

Z10 — 32175m
T10,10 = 31911.4 4 0.2 (32175 — 31911.4) = 31964.1m

32175 — 31911.4
5

.1?}10710 =34.4+0.1 ( ) = 3967m/8

Ti1,00 = 31964.1 + 5 x 39.67 = 32162.45m
52'11710 = 3967m/s

The following table summarizes our measurements and estimates.

n 1 2 3 4 5 6 7 8 9 10

Zn 30171 30353 30756 30799 31018 31278 31276 31379 31748 32175

Tn,n 30194.2 30383.64 30612.73 30818.93 31025.7 31242.3 31418.8 31566.3 31739.4 31964.1

i‘n,n 39.42 38.65 42.2 41.7 41.55 42.44 38.9 34.2 34.4 39.67

Tpa1,n 303913  30576.9 30823.9 31027.6 31233.4 31454.5 31613.15 31737.24 31911.4 32162.45

Qé‘n+1’n 39.42 38.65 42.2 41.7 41.55 42.44 38.9 34.2 34.4 39.67

Table 3.3: Ezample 2 summary.
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3.2.4 Results analysis

The following chart compares the true values, measured values, and estimates.

Range vs. time

32250

—— True values
=—o— Measurements
32000 1 —@— Estimates
=& Prediction

31750

31500 4

31250 1

Range (m)

31000

30750 4

30500 4

30250 4

10 20 30 40 50
Time (s)

Figure 3.9: Measurements vs. True value vs. Estimates - low Alpha and Beta.

Our estimation algorithm has a smoothing effect on the measurements and converges

toward the true value.

3.2.4.1 Using high a and 3

The following chart depicts the true, measured, and estimated values for a = 0.8
and 8 = 0.5.

Range vs. time

32250 A
== True values

—&— Measurements
32000 1 —@— Estimates
=/ Prediction

31750 4

31500

31250

Range (m)

31000 4

30750 4

30500 4

30250 4

1 2 20 40 50
Time (s)

Figure 3.10: Measurements vs. True value vs. Estimates - high Alpha and Beta.

The “smoothing” degree of this filter is much lower. The “current estimate” is very
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close to the measured values, and predicted estimate errors are relatively high.
So, shall we always choose low values for a and (57

The answer is NO. The value of o and 3 should depend on the measurement precision.
If we use high-precision equipment, like laser radar, we would prefer a high o and
B that follow measurements. In this case, the filter would quickly respond to a
velocity change of the target. On the other hand, if measurement precision is low,
we prefer low a and (. In this case, the filter smoothes the uncertainty (errors) in
the measurements. However, the filter reaction to target velocity changes would be

much slower.

Example summary

We've derived the a — f filter state update equation. We've also learned the
State Extrapolation Equation. We’ve developed an estimation algorithm for a one-
dimensional dynamic system based on the a— 3 filter and solved a numerical example

for a constant velocity target.
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Example 3 - Tracking accelerating aircraft

In this example, we track an aircraft moving with constant acceleration with the

o — (3 filter.

In the previous example, we tracked a UAV moving at a constant velocity of 40m/s.

The following chart depicts the target range and velocity vs. time.

Range vs. Time

Range (km)
w

[ 10 20 30 40

50
Time (s)

Velocity vs. Time

Velocity (m/s)
5
s

38.0

Time (s)

Figure 3.11: Constant Velocity Movement.

As you can see, the range function is linear.

Now let’s examine a fighter aircraft. This aircraft moves at a constant velocity of
50m/s for 20 seconds. Then the aircraft accelerates with a constant acceleration of

8m/s? for another 35 seconds.

The following chart depicts the target range, velocity and acceleration vs. time.
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Range vs. Time

]

Range (km)
Y
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Time (s)

Velocity vs. Time

Time (s)
Acceleration vs. Time
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@
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Figure 3.12: Accelerated Movement.

As you can see from the chart, the aircraft velocity is constant for the first 20 seconds
and then grows linearly. The range grows linearly for the first 20 seconds and then
grows quadratically. We are going to track this aircraft with the o — g filter that

was used in the previous example.

3.3.1 The numerical example

Consider an aircraft moving radially toward (or away from) a radar in a one-
dimensional world. The o — § filter parameters are:

e a=0.2.

e 5=0.1.

The track-to-track interval is 5 seconds.

3.3.1.1 Iteration Zero
Initialization

The initial conditions for the time n = 0 are given:
52’070 = 30000m

52’070 = 50m/s

p) The Track Initiation (or how we get the initial conditions) is an important
topic that will be discussed in chapter 21. Right now, our goal is to understand
the basic o — S filter operation, so let’s assume that the initial conditions are

given by somebody else.
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Prediction

The initial guess should be extrapolated to the first cycle using the State Extrapolation

Equations:

Priim = Enm + At — #10 = £00 + Atidg = 30000 + 5 x 50 = 30250m

~

lterations 1-10

Tyt = Tnp — T1,0 = Lo,0 = H0M/s

All filter iterations are summarized in the following table:

Table 3.4: Example 3 filter iterations.

Current state estimates

(j:n,na %n,n)

Prediction (373"+1’n, S.Cn+1’n)

j1,1 =
30250 4 0.2 (30221 — 30250) = | @91 = 30244.2 + 5 x 49.42 =
30244.2m 30491.3m
1 | 30221m
1y =50 + 0.1 (2022L30250) — | 4, | = 49.42m/s
49.42m/s
‘%2’2 - 304913 +
0.2 (30453 — 30491.3) = T35 = 30483.64 + 5 x 48.65 =
30483.64m 30726.9m
2 | 30453m
Lo = 49.42 + i35 = 48.65m /s
0.1 (255304913 — 48.65m/s
Z)A’J3’3 - 307269 +
0.2 (30906 — 30726.9) = 43 = 30762.7 + 5 x 52.24 =
30762.7m 31023.9m
3 | 30906m
53 = 48.65 + 43 = 52.24m/s
0.1 (2006=30269) — 59 241 /s

Continued on next page
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Table 3.4: Example 3 filter iterations. (Continued)

T4 = 31023.9 4
0.2 (30999 — 31023.9) = Z5.4 = 31018.93 + 5 x 51.74 =
31018.93m 31277.6m
4 | 30999m
T4 = 52.24 + 5.4 = 51.74m/s
0.1 (20999310289 — 51 .74m /s
T55 = 31277.6 +
0.2 (31368 — 31277.6) = T65 = 31295.7 4+ 5 x 53.55 =
31295.7m 31563.4m
5 | 31368m
d55=51.74 + i6,5 = 53.55m/s
0.1 (BEE2I2TL8) — 53 55m /s
T66 = 31563.4 +
0.2 (31978 — 31563.4) = f76 = 31646.3 + 5 x 61.84 =
31646.3m 31955.5m
6 | 31978m
T66 = 53.55 + 76 = 61.84m/s
0.1 (319787531563.4) — 61847”1/6
Z77 = 31955.5 4
0.2 (32526 — 31955.5) = g7 = 32069.6 + 5 x 73.25 =
32069.6m 32435.85m
7 | 32526m
G77 = 61.84 + Tg7 = 73.25m/s
0.1 (22026=31995:5) — 73 25m /s
j&g - 3243585 +
0.2 (33379 — 32435.85) = )
32624.5m ’
33085m
8 | 33379m
Tgs = 32435.85 + .
o fos = 92.1m/s
0.2 (33379 — 32435.85) =
32624.5m

Continued on next page
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Table 3.4: Example 3 filter iterations. (Continued)

Tgg =
33085 4 0.2 (34698 — 33085) =
33407.6m

Z109 = 33407.6 + 5 x 124.37 =
34029.5m

9 | 34698m
fog = 92.1 + 0.1 (BAOB=B808) — | 3y = 124.37m /s
124.37m/s
Z10,10 = 34029.5 +
0.2 (36275 — 34029.5) = Z1110 = 34478.6 + 5 x 169.28 =
34478.6m 35325m
10 | 36275m

1000 = 124.37 +
0.1 (30273=310295) — 169,28/

52’11’10 = 1692877’1/8

3.3.2 Results analysis

The following charts compare the true, measured, and estimated values for the range

and velocity for the first 75 seconds.

Range vs. time
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Figure 3.13: Example 3 - range vs. time.
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Velocity vs. time
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Figure 3.14: Ezample 3 - velocity vs. time.

You can see a constant gap between true or measured values and estimates. The gap

is called a lag error. Other common names for the lag error are:

e Dynamic error
e Systematic error
e Bias error

e Truncation error

The lag error appears during the acceleration period. After the acceleration period,
the filter closes the gap and converges toward the true value. However, a significant
lag error can result in the target loss. The lag error is unacceptable in certain

applications, such as missile guidance or air defense.

Example summary

We’ve examined the lag error caused by target acceleration.
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3.4 Example 4 - Tracking accelerating aircraft using the
a — (3 — ~ filter

In this example, we track an aircraft using the o — 5 —  filter. The aircraft is moving

with a constant acceleration.

3.4.1 The a — 3 — ~ filter

The o — 7 — ~ filter (sometimes called g-h-k filter) considers a target acceleration.

Thus, the State Extrapolation Equations become:

The State Extrapolation Equations for position, velocity, and acceleration

A _ox : SN2
Tn4+1n = Tnn + xn,nAt + Tnn 2

x"n-i—l,n = *%n,n + -’in,nAt (311)

A A

Tn4+1n = Tpn

Where %, is acceleration (the second derivative of x ).

The State Update Equations become:

The State Update Equations for position, velocity, and acceleration

i'n,n = fi'n,n—l + « (Zn - -%n,n—l)

2 2 Zn — j:n,n—l
N (312

~ A Zn — in,n—l
Tpn = Tpn-1 T+ TO0BAR

3.4.2 The numerical example

Let’s take the scenario from the previous example: an aircraft that moves with
a constant velocity of 50m/s for 20 seconds and then accelerates with a constant

acceleration of 8m/s? for another 35 seconds.

The a - 8 -7 filter parameters are:

o o =0.5b.
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o =04.
e v=0.1.

The track-to-track interval is 5 seconds.

R ) We use an imprecise radar and a low-speed target for better graphical repre-
sentation. The radars are usually more precise in real life, and the targets can
be much faster.

Iteration Zero
Initialization

The initial conditions for the time n = 0 are given:
JAj’Qyo = 30000m
51?7070 = 50m/b

.lA.’O’() = Om/aZ

Prediction

The initial guess should be extrapolated to the first cycle using the State Extrapolation
Equations:

Tniin = Fnp + Tnp At + 0.5 Ty n A2 — 19 = G0 + Lo At 4 0.5 Zo o At?

= 30000 + 50 x 5+ 0.5 x 0 x 52 = 30250m

Tpiin = Tnp & EnnAt — T10 = To0 + Zo0At = 5040 x 5 = 50m/s

o o o o o o o 2
Tn+in = Tpn — T1,0 = Lo,0 = Om/s

First Iteration

In the first cycle (n = 1), the initial guess is the prior estimate:

Tpp—1 = T10 = 30250m

jjn,nfl = .7‘?170 = 50777,/5

jin,nfl = -jél,O = 07n/82

Step 1
The radar measures the aircraft range:

z1 = 30221m
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Step 2

Calculating the current estimate using the State Update Equation:
T11 = T10 + (21 — 210) = 30250 4 0.5 (30221 — 30250) = 30235.5m

A 2 — R 30221 — 30250
11 = d10+ — 50+ 0.4 — 47.68m/s

At 5
. . 21— Z1,0 30221 — 30250 )
T11 = T1,0 + W =0+0.1 0.5 % 52 = —O.23m/s

Step 3

Calculating the next state estimate using the State Extrapolation Equations:

Toq =11 + 211 AL+ 0.5 jAéLlALQ = 30235.5 4+ 47.68 x 5 + 0.5 x (—0.23) x 52 = 30471m
Toq = @1y + T11 At = 47.68 + (—0.23) x 5 = 46.52m/s

i.li'zyl = fél,l = —023m/52

Second lteration

After a unit time delay, the predicted estimate from the foregoing iteration becomes
the prior estimate in the current iteration.
32’271 =30471m

Toq = 46.52m/s

Toq = —0.23m/s>

Step 1
The radar measures the aircraft range:

2o = 30453m

Step 2

Calculating the current estimate using the State Update Equation:
Tgo = To1 + a (29 — Zg1) = 30471 4 0.5 (30453 — 30471) = 30462m

. . 29 — a1 30453 — 30471
To2 = T2 + B Tf = 46.52 + 0.4 5 = 4508m/s

. . 2o — Lo 30453 — 30471
Too = To1+7 =—-0.23+0.1 = —0.38m/s*

0.5A¢%2 0.5 x 52
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Step 3

Calculating the next state estimate using the State Extrapolation Equations:

32 = Q9 + TooAt + 0.5 T2 A1 = 30462 + 45.08 x 5+ 0.5 x (—0.38) x 5% = 30682.7m
Q39 = @9 + L9 At = 45.08 + (—0.38) x 5 = 43.2m/s

i’g,Q = Zig’g = —038m/82

lterations 3-10

The calculations for the successive iterations are summarized in the following table:

Table 3.5: Example 4 filter iterations.

Current state estimates Prediction

(i'n,na z’én,na :%n,n) (£n+1,n, %n—i-l,na &\En—i-l,n)

i‘373 - 306827 +

0.5 (30906 — 30682.7) = Z43 = 30794.35 + 5 x 61.06 +
30794.35m 141 x £ = 31117.3m
3 | 30906m | 55 = 43.2 + Z43=61.06+1.41 x 5=

0.4 (%306827) =61.06m/s 68.1m/s

%3,3 = —0.38 + £4’3 = L4lm/s"
0.1 (20906-30682.T) _ | 41y, /5

Tgq = 31117.3 +
0.5 (30999 — 31117.3) =

Z54 = 31058.15 + 5 x 58.65 +
31058.15m ’

0.46 x 2 = 31357.2m

4 | 30999m | iy = 68.1 +

0.4 (30999—531117.3) _ 5865m/s

T54 = 58.6540.46 x 5 = 61m/s

12'574 = 046m/82

Ty4 =141+
0.1 (BWOBUITS) — ) 46y /52

Continued on next page
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Table 3.5: Example 4 filter iterations. (Continued)

G55 = 31357.2 4
0.5 (31368 — 31357.2) =
31362.6m

0.55 x & = 31678.7m

5 | 31368m | @55 = 61 4 0.4 (31208=318572) — |
’ ’ i65 = 61.840.55x5 = 64.6m/s
61.8m/s ’
. ie5 = 0.55m/s>
T55 = 0.46 + :
0.1 (2E51502) — (.55m/ s>
T66 = 31678.7 +
0.5 (31978 — 31678.7) = G765 =31828.3+5 x 88.5+
31828.3m 2.95 x % = 32307.8m
6 | 31978m | 6 = 64.6 + T76=88.542.95 x5 =
0.4 (2316787 — 88.5m /s 103.26m/s
66 = 0.55 4 76 = 2.95m/s>
0.1 (BBSI0T8T) — 2.95m /52
d77 = 32307.8 +
0.5 (32526 — 32307.8) = fs7 = 32416.9 + 5 x 120.7 +
32416.9m 4.7 x 2 = 33079.1m
7 | 32526m | @77 = 103.26 + dg7 = 120.7+ 4.7 x 5 =

0.4 (322323018 — 190.7m/s

0.1 (32026=825078) — 4 7y /2

144.17m/s

Z.li'&? = 4.7WL/82

Continued on next page
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Table 3.5: Example 4 filter iterations. (Continued)

55 = 33079.1 +
0.5 (33379 — 33079.1) =

Fos = 33229.05 4+ 5 x 168.2 +

0.4 (362757535804‘7) — 3414m/5

Z1010 = 11.4 +

36275—-35804.7\ __

33229.05m 7.1 x 2 = 34158.5m
8 | 33379m | zgg = 144.17 + Tog = 168.2+7.1 x5 =
0.4 (3O55001) — 168.2m/s | 203.6m/s
g =4.7+0.1 (BBIL) — | Fo o = 7.1m/s?
7.1m/s?
Tg = 34158.5 +
0.5 (34698 — 34158.5) = 100 = 344282 + 5 x 246.8 +
34428.2m 11.4 x 2 = 35804.7m
9 | 34698m | g9 = 203.6 + Q109 = 246.8 +11.4 x 5 =
0.4 (20834585 — 246.8m/s | 303.8m/s
5%9’9 =71 + 0.1 (734690§;3§%58'5) — .%10’9 = 114m/52
11.4m/s?
(i’wﬂqo - 358047 +
0.5 (36275 — 35804.7) = 11,10 = 36039.8 + 5 x 341.4 +
36039.8m 15.2 x 2 = 37936.6m
10 | 36275m | 21010 = 303.8 + T1100 = 3414 +152 x5 =

417.3m/s

:’11'11710 = 15.2m/82
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3.4.3 Results analysis

The following charts compare the true, measured, and estimated values for the range,
velocity, and acceleration for the first 50 seconds.

Range vs. time

== True values
36000 1 =& Measurements
—&— Estimates
= Prediction

35000

34000

E
(]
f=al
S 33000
4
32000 1
31000 1
30000 1 L T T L T
10 20 30 40 50
Time (s)
Figure 3.15: FExample 4: Range vs. Time.
Velocity vs. time
#0717 —9— True values
=—@— Estimates
—#r— Prediction
300 4
250 4
Q)
£
S 200 4
2
©
°
g

150

100 4

50 4

1‘0 Zb 3b 4‘0 Sb
Time (s)

Figure 3.16: Example 4: Velocity vs. Time.
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Acceleration vs. time

=—§— True values
—&— Estimates
149 —p= Prediction

<
<
<
<
<

Acceleration (m/s2)
-

-

o

10 20 30 40 50
Time (s)

Figure 3.17: Example 4: Acceleration vs. Time.

Summary of the a — 5 — (v) filter

There are many types of a — 5 — () filters, and they are based on the same principle:

e The current state estimation is based on the state update equations.
e The following state estimation (prediction) is based on the dynamic model

equations.

The main difference between these filters is the selection of weighting coefficients
a — [ — (). Some filter types use constant weighting coefficients; others compute

weighting coefficients for every filter iteration (cycle).

The choice of the a;, 8 and v is crucial for proper functionality of the estimation

algorithm.
What should be the o — 5 — () parameters?

I described the oo — 5 — (=) filter as an introductory to the Kalman Filter, thus, I
won’t cover this topic. The curious reader can find many books and papers on this
topic 2], [3].

Another important issue is the initiation of the filter (chapter 21), i.e., providing the

initial value for the first filter iteration.

The following list includes the most popular o — 5 — (=) filters:



74 Chapter 3. The o — 3 — ~ filter

Wiener Filter
e Bayes Filter

e Fading-memory polynomial Filter

e Expanding-memory (or growing-memory) polynomial Filter
e Least-squares Filter

e Benedict-Bordner Filter

e Discounted least-squares o — [ Filter
e Critically damped o — g Filter

e Growing-memory Filter

e Kalman Filter

e Extended Complex Kalman Filter

e Gauss-Hermite Kalman Filter

e Cubature Kalman Filter

e Particle Filter

I hope to write about some of these filters. But this book is about the Kalman Filter,

which is the topic of the following examples.
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4. Kalman Filter in one dimension

In this chapter, we derive the Kalman Filter in one dimension. The main goal of
this chapter is to explain the Kalman Filter concept simply and intuitively without

using math tools that may seem complex and confusing.
We are going to advance toward the Kalman Filter equations step by step.

In this chapter, we derive the Kalman Filter equations without process noise. In the

following chapter, we add process noise.

One-dimensional Kalman Filter without process noise

As I mentioned earlier, the Kalman Filter is based on five equations. We are already

familiar with two of them:

e The state update equation

e The dynamic model equation

In this chapter, we derive another three Kalman Filter Equations and revise the

state update equation.

Like the o — 8 — () filter, the Kalman filter utilizes the “Measure, Update, Predict”
algorithm.

Contrary to the a — 8 — () filter, the Kalman Filter treats measurements, current
state estimation, and next state estimation (predictions) as normally distributed

random variables. The random variable is described by mean and variance.

The following chart provides a low-level schematic description of the Kalman Filter

algorithm:
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OUTPUTS INPUTS

INITIALIZE

Initial State
Initial State Uncertainty

System State Estimate
Estimate Uncertainty

KALMAN FILTER

INPUTS
MEASURE UPDATE > . PREDICT
Measured Parameter

Measured Parameter
Uncertainty

R

Unit Delay

(n = n-1)

Figure 4.1: Schematic description of the Kalman Filter algorithm.

Let’s recall our first example (Example 1 — Weighting the gold); We made multiple

measurements and computed the estimate by averaging.

We obtained the following result:

—o&— Measurements
—&— Estimates
—{— True values

1020 4

1010 4

1000 4 N o o, e o,

Weight (g)

©
©
=]

970 A

2 s 6 8 10
Iterations

Figure 4.2: Fzample 1: Measurements vs. True value vs. Estimates.

Figure 4.2 shows the true, measured, and estimated values vs. the number of

measurements.
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Estimate as a random variable

The difference between the estimates (the red line) and the true values (the green
line) is the estimate error. As you can see, the estimate error becomes lower as we
make additional measurements, and it converges towards zero, while the estimated
value converges towards the true value. We don’t know the estimate error, but we

can estimate the state uncertainty.

We denote the state estimate variance by p.

Measurement as a random variable

The measurement errors are the differences between the measurements (blue samples)
and the true values (green line). Since the measurement errors are random, we can
describe them by variance (0?). The standard deviation (o) of the measurement

errors is the measurement uncertainty.

R ) In some literature, the measurement uncertainty is also called the measure-

ment error.
We denote the measurement variance by 7.

The variance of the measurement errors could be provided by the measurement

equipment vendor, calculated, or derived empirically by a calibration procedure.

For example, when using scales, we can calibrate the scales by making multiple
measurements of an item with a known weight and empirically derive the standard

deviation. The scales vendor can also supply the measurement uncertainty parameter.

For advanced sensors like radar, the measurement uncertainty depends on several
parameters such as Signal to Noise Ratio (SNR), beam width, bandwidth, time on
target, clock stability, and more. Every radar measurement has a different SNR,
beam width, and time on target. Therefore, the radar calculates the uncertainty of

each measurement and reports it to the tracker.

Let’s look at the weight measurements Probability Density Function (PDF). The
following plot shows ten measurements of the gold bar weight.
e The blue circles describe the measurements.
e The true values are described by the red dashed line.
e The green line describes the probability density function of the measurement.
e The bold green area is the standard deviation (o) of the measurement, i.e.,
there is a probability of 68.26% that the measurement value lies within this

area.
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As you can see, 7 out of 10 measurements are within 1o boundaries.

10 measurements of the gold bar weight R

Measurement Uncertainty
-=—- Actual Weight

1 i \ ® Measurement
2 / i
I

T

|

Probability

\

10 e

T T T T T T T T
940 960 980 1000 1020 1040 1060 1080

Weight (g)

Figure 4.3: Measurements Probability Density Function.

State prediction

In the first example - “The measurement of the gold bar weight” (section 3.1), the

dynamic model is constant:
jn—l—l,n - j:n,n (41)

In the second example - “Tracking the constant velocity aircraft” (section 3.2), we
extrapolated the current state (target position and velocity) to the next state using

motion equations:

Tn4+1n = Tnn + Atxmn

(4.2)

~ ~

Tn4+1n = Tnn

i.e., the predicted position equals the current estimated position plus the currently
estimated velocity multiplied by the time. The predicted velocity equals the current

velocity estimate (assuming a constant velocity model).
The dynamic model equation depends on the system.

Since Kalman Filter treats the estimate as a random variable, we must also extrapolate

the estimation variance (p, ) to the next state.
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Current State

Estimate Ne)'(t State
. Estimate
xn,n ?

P nn n+1l,n

pn+1.n

, Predict
{Dynamic Model)

Figure 4.4: State Prediction Illustration.

In the first example - “The measurement of the gold bar weight” (section 3.1),

the dynamic model of the system is constant.

Thus, the estimate uncertainty
extrapolation would be:

The estimate uncertainty extrapolation for a constant dynamics
ﬁn—i—l,n = ﬁn,n (43)

Where p is the estimate variance of the gold bar weight.

In the second example - “Tracking the constant velocity aircraft” (section 3.2), the
estimate uncertainty extrapolation would be:

The estimate uncertainty extrapolation for a constant velocity dynamics

prJrl,n = pfz,n + At2 ’ pz,n
) . (4.4)

pn+1,n - pn,n

Where:

p* is the position estimate variance.

pY is the velocity estimate variance.

i.e., the predicted position estimate variance equals the current position estimate
variance plus the current velocity estimate variance multiplied by the time squared.

The predicted velocity estimate variance equals the current velocity estimate variance
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(assuming a constant velocity model).

Note that for any normally distributed random variable x with variance o2, kz is
distributed normally with variance k?0?, therefore the time term in the uncertainty

extrapolation equation is squared. You can find a detailed explanation in Appendix A.

The estimate uncertainty extrapolation equation is called the Covariance Extrapola-
tion Equation, which is the third Kalman Filter equation. Why covariance? We will

see this in Part II - Multivariate Kalman Filter.

State update
To estimate the current state of the system, we combine two random variables:

e The prior state estimate (the current state estimate predicted at the previous
state).

e The measurement.

Prior Estimate

-~

Xnn-1

pn.lrl

Current State
Estimate

_-

xn,n

pl"!,ﬂ

v

State Update ———m
Measurement

Zn

L

Figure 4.5: State Update Illustration.

The Kalman Filter is an optimal filter. It combines the prior state estimate with the

measurement in a way that minimizes the uncertainty of the current state estimate.

The current state estimate is a weighted mean of the measurement and the prior
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state estimate:

i‘n,n = w12y + w2j:n,n—1 (4 5)

Wy + W = 1
Where w; and wy are the weights of the measurement and the prior state estimate.

We can write 2, ,, as follows:

:i‘n,n = W12, + (1 - wl)i'n,n—l (46)

The relation between variances is given by:

Pnn = w%rn + (]- - wl)Qpn,n—l (47)
Where:
DPnn IS the variance of the optimum combined estimate
Pnn—1 is the variance of the prior estimate Z,, ,,—1

T is the variance of the measurement z,

Remember that for any normally distributed random variable x with variance o2, kx
is distributed normally with variance k*0%. You can find a detailed explanation in
Appendix A.

Since we are looking for an optimum estimate, we want to minimize p;, .

To find w; that minimizes p,, ,, we differentiate p,, ,, with respect to w; and set the

result to zero.

dpn.n
dw1

= 2wyr, —2(1 — wy)ppp-1 =0 (4.8)

Hence

W1Ty = Pan—1 — WiPnn-1

W1Pn,n—1 +wir, = Pnn—-1 (4 9)
Pnn—1
wm =
Pnn—1 + Tn
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Let us substitute the result into the current state estimation %, ,

Tpn = wlzn+<1_w1>xn,n—1 - wlzn_’_‘rn,n—l —W1Tpnn-1 = Tpn-1 +ws (zn - xn,n—l)

(4.10)
State Update Equation
A~ A Pnn—1 ~
nn — dnn— = (Zp = Tp.— 4.11
x , :L‘ , 1 + pn,n—l + Tn (Z * ' 1) ( )

We have derived an equation that looks similar to the av — 3 — () filter state update

equation (Equation 3.2). The weight of the innovation is called the Kalman Gain
(denoted by K,,).

The Kalman Gain Equation is the fourth Kalman Filter equation. In one

dimension, the Kalman Gain Equation is the following:

State Update Equation

% Variance in FEstimate
n - . . . o o
Variance in Estimate + Varitance in Measurement

Kn . pn,n—l

= 4.12
pn,n—l + Tn ( )
Where:
Pnn—1 is the extrapolated estimate variance
T is the measurement variance
The Kalman Gain is a number between zero and one:
0<K,<1 (4.13)

Finally, we need to find the variance of the current state estimate. We've seen that

the relation between variances is given by:
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Pnn = w%rn + (1 - w1)2pn,n71 (414)

The weight w, is a Kalman Gain:

Pnn = Kz'rn + (1 - Kn>2pn,n71 (415)

Let us find the (1 — K,,) term:

(1 _ Kn) — (1= Pnn—1 _ Pnn—1 + Tn — Pnn—1 _ Tn (416)
pn,n—l + Tn pn,n—l + Tn pn,n—l + Tn

Equation Notes
2 2

Pnn—1 Tn .

Pon=|——"—"—| ma+ | ————| Pun1 Substitute K,, and (1 — K,,)
7 Pnn—1 + Tn Pnn—1 + Tn
2 2
p 1"n r pn,n—l

= i + r Expand

- 2 2
(pn,n—l + rn) (pn,n—l + Tn)

B Pnn—-1Tn Pnn—1 n Tn
Pnn—1 + 'n \ Pnn—1 + Tn Pnn—1 + Tn

= (1 - K,)pnn-1 (Kn +(1- Kn)> Substitute K, and (1 — K,)

= (1 - Kn) Pnn—1

Table 4.1: Covariance update equation derivation.

This equation updates the estimate variance of the current state. It is called the

Covariance Update Equation.
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Covariance Update Equation

Pnn = (]- - Kn)pn,n—l (417)

It is clear from the equation that the estimate uncertainty is constantly decreasing
with each filter iteration, since (1 — K,,) < 1. When the measurement uncertainty is
high, the Kalman gain is low. Therefore, the convergence of the estimate uncertainty
would be slow. On the other hand, the Kalman gain is high when the measurement
uncertainty is low. Therefore, the estimate uncertainty would quickly converge

toward zero.

So, it is up to us to decide how many measurements to make. If we are measuring a
building height, and we are interested in a precision of 3 centimeters (o), we should

make measurements until the state estimate variance (0?) is less than 9 centimeters®.

Putting all together

This section combines all of these pieces into a single algorithm.
The filter inputs are:

e Initialization
The initialization is performed only once, and it provides two parameters:
— Initial System State (Zgp)
— Initial State Variance (po)
The initialization parameters can be provided by another system, another
process (for instance, a search process in radar), or an educated guess based
on experience or theoretical knowledge. Even if the initialization parameters

are not precise, the Kalman filter can converge close to the true value.

e Measurement
The measurement is performed for every filter cycle, and it provides two
parameters:
— Measured System State (z,)

— Measurement Variance (r,)
The filter outputs are:

e System State Estimate (2, ,)

e Estimate Variance (py,)



4.1 One-dimensional Kalman Filter without process noise 85

The following table summarizes the five Kalman Filter equations.

Alternative names

Equation Equation Name
used in the literature
Tpm = Tpn-1 + Kn(zn — Tnn) State Update Filtering Equation
State
Update Pnn = (1 — K,)pnn—1 Covariance Update Corrector Equation
Pnn-1
K, = . Kalman Gain Weight Equation
pn,n—l + Tn
Tntin = In, . .
e o ' Predictor Equation
(for constant dynamics) o _
Transition Equation
State Prediction Ecuati
State . . 2 . rediction kquation
Tptin = Tnn + AtZy Extrapolation .
Predict - N Dynamic Model
Tnt1n = Tnp,
b o _ . State Space Model
(for constant velocity dynamics)
Pat1n = Pan
(for constant dynamics)
Covariance Predictor Covariance
Pntin = Pnn Atprm Extrapolation Equation

v —
pn+1,n - pn,n

(for constant velocity dynamics)

Table 4.2: Kalman Filter equations in one dimension.

R ) The equations above don’t include the process noise. In the following chapter,

we add process noise.

R ) The State Extrapolation Equation and the Covariance Extrapolation Equation

depend on the system dynamics.

p) The table above demonstrates a special form of the Kalman Filter equations
tailored for a specific case. The general form of the equation in matrix notation

is presented in Part II.

The following figure provides a detailed description of the Kalman Filter’s block

diagram.
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MEASURE @ INITIALIZE @

Input: Input: Input: Input:
Measurement Measured Estimate Uncertainty System State
Uncertainty Value Initial Guess Initial Guess
Tn Zy i Poo {%pg
: : j.‘rr.,n—l
o <> — | €D
Estimate the current T Calculate the predicted state N
Calculate the K_" state using the State o for the next iteration using Yn+in
Kalman Gain (K,) Update Equation system'’s Dynamic Model Unit
+ Delay
Update the current Pun Extrapolate the estimate Pn+in | (n — n-1)
estimate uncertainty uncertainty
Pnn-1
Output 1: System
State Estimate ¥, ,,

Output 2: Estimate
Uncertainty p,, ,,

Figure 4.6: Detailed description of the Kalman Filter algorithm.

e Step 0: Initialization
As mentioned above, the initialization is performed only once, and it provides
two parameters:
— Initial System State (Z¢0)
— Initial State Variance (po)
The initialization is followed by prediction.
e Step 1: Measurement
The measurement process provides two parameters:
— Measured System State (z,)
— Measurement Variance (r,)
e Step 2: State Update
The state update process is responsible for the state estimation of the current
state of the system.
The state update process inputs are:
— Measured Value (z,)
— A Measurement Variance (r,)
— A prior Predicted System State Estimate (&, ,,—1)
— A prior Predicted System State Estimate Variance (pp,—1)
Based on the inputs, the state update process calculates the Kalman Gain and

provides two outputs:
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— Current System State Estimate ()

— Current State Estimate Variance (py, )
These parameters are the Kalman Filter outputs.

e Step 3: Prediction

The prediction process extrapolates the current system state estimate and its
variance to the next system state based on the dynamic model of the system.
At the first filter iteration, the initialization is treated as the Prior State
Estimate and Variance. The prediction outputs are used as the Prior (predicted)

State Estimate and Variance on the following filter iterations.

4.1.6 Kalman Gain intuition

Let’s rewrite the state update equation:
i’n,n - j;n,n—l + Kn (Zn - j;n,n—l) - (1 - Kn) :%n,n—l + ann (418)

As you can see, the Kalman Gain (K,) is the measurement weight, and the (1 — K,)

term is the weight of the current state estimate.

The Kalman Gain is close to zero when the measurement uncertainty is high and
the estimate uncertainty is low. Hence we give a significant weight to the estimate

and a small weight to the measurement.

On the other hand, when the measurement uncertainty is low, and the estimate
uncertainty is high, the Kalman Gain is close to one. Hence we give a low weight to

the estimate and a significant weight to the measurement.

If the measurement uncertainty equals the estimate uncertainty, then the Kalman

gain equals 0.5.

The Kalman Gain Defines the measurement’s weight and the prior estimate’s weight
when forming a new estimate. It tells us how much the measurement changes the

estimate.
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High Kalman Gain

A low measurement uncertainty relative to the estimate uncertainty would result in
a high Kalman Gain (close to 1). Therefore the new estimate would be close to the
measurement. The following figure illustrates the influence of a high Kalman Gain

on the estimate in an aircraft tracking application.

o~

xn,n = xn n—-1+ Ku(zn_ xn‘n—l.)

Pnn — (1 - Kn)pu.n—l

_ pn,n -1
- K, = gy
Probability 0 Pnn-1 n 1
A < Y.
Py 1 W
. 1 1
| i i
i B !
: :
! :
: 1
! i
i
1 Current
i Estimate
: Variance Measurement
Prior Estimate | p Variance
- ' nn
Variance | Ty
1
pn‘n -1 i
1

Previous Current Measured
Estimate Estimate Value
xn.n—l En,n Zﬂ

Figure 4.7: High Kalman Gain.
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4.1.6.2 Low Kalman Gain

A high measurement uncertainty relative to the estimate uncertainty would result in
a low Kalman Gain (close to 0). Therefore the new estimate would be close to the
prior estimate. The following figure illustrates the influence of a low Kalman Gain

on the estimate in an aircraft tracking application.

Xon = Xpn-1 + Kn(zﬂ_ Xn,n -1)

Pnn = (1- Kn)pu‘ufl
Kn — pu.u—l
Probability (0 Pon-1+Th 1
A & N
\r T vi
1 1
= | |
1 1
1 1
1
1
1
1
- 1
Prior !
Estimate }
Variance i
Current !
Pnn-1 Estimate i
Variance !
Pun ! Measurement

| Variance

1
TH

Previous Current Measured
Estimate Estimate Value
xu‘n—l in,n le

Figure 4.8: Low Kalman Gain.

Now we understand the Kalman Filter algorithm and are ready for the first numerical

example.
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4.2 Example § - Estimating the height of a building

Assume that we would like to estimate the height of a building using an imprecise

altimeter.

We know that building height doesn’t change over time, at least during the short

measurement process.

Figure 4.9: Estimating the building height.

4.2.1 The numerical example
e The true building height is 50 meters.
e The altimeter measurement error (standard deviation) is 5 meters.
e The ten measurements are: 49.03m, 48.44m, 55.21m, 49.98m, 50.6m, 52.61m,
45.87Tm, 42.64m, 48.26m, 55.84m.
4.2.1.1 Iteration Zero
Initialization

One can estimate the height of the building simply by looking at it.

The estimated height of the building for the initialization purpose is:

JA,’Q,O = 60m

Now we shall initialize the estimate variance. A human estimation error (standard

deviation) is about 15 meters: o = 15 . Consequently the variance is 225: 02 = 225.
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po}o = 225

Prediction

Now, we shall predict the next state based on the initialization values.

Since our system’s Dynamic Model is constant, i.e., the building doesn’t change its
height:

.%170 = IIAZ()’() = 60m

The extrapolated estimate variance also doesn’t change:
P10 = Poo = 225

First Iteration
Step 1 - Measure

The first measurement is:

z1 = 49.03m

Since the standard deviation (o) of the altimeter measurement error is 5, the variance
(0%) would be 25, thus, the measurement uncertainty is: r, = 25

Step 2 - Update

Kalman Gain calculation:

Kl B pl,O 225

= = =09
P10 + T1 225 + 25

Estimating the current state:

.’1?1,1 — ,"2'170 + Kl (21 - .’2’170) - 60 + 09 (4903 - 60) — 5013m

Update the current estimate variance:

pi= (1—K)pro=(1-0.9)225=225

Step 3 - Predict

Since the dynamic model of our system is constant, i.e., the building doesn’t change
its height:

.’i’271 = .’2'171 = 50.13m

The extrapolated estimate variance also doesn’t change:

P21 = P11 = 225
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4.2.1.3 Second lteration
After a unit time delay, the predicted estimate from the previous iteration becomes

the prior estimate in the current iteration:

@271 = 50.13m

The extrapolated estimate variance becomes the prior estimate variance:

p271 = 225

Step 1 - Measure

The second measurement is:

2z = 48.44m

The measurement variance is:

9 =— 25

Step 2 - Update

Kalman Gain calculation:
P21 22.5

KQ == = =
P21 + 1o 22.5 -+ 25

0.47

Estimating the current state:

Bon = faq + Ky (7 — 291) = 50.13 + 0.47 (48.44 — 50.13) = 49.33m

Update the current estimate variance:
peo= (1 —Ky)pe1=(1—-0.47)22.5=11.84
Step 3 - Predict

Since the dynamic model of our system is constant, i.e., the building doesn’t change
its height:

@372 = fi:272 =49.33m
The extrapolated estimate variance also doesn’t change:
D32 = P22 = 11.84

42.1.4 Iterations 3-10

The calculations for the subsequent iterations are summarized in the following table:



4.2 Example 5 - Estimating the height of a building @3

Table 4.3: Example 5 filter iterations.

Current state estimates

(Krn "i\:n,na pn,n)

Prediction

(iﬁn+1,na pn+1,n)

. 11.84 -
PT84 4125
Fus = @35 = 51.22m
£3 3 = 49.33 + 4,3 33
3| 552im | 7
0.32(55.21 — 49.33) = 51.22m
pa3 = p33 = 3.04
p3s = (1—0.32)11.84 = 8.04
8.04 Dol
T804 +25
Ps 4 = 244 = 50.92
Faa=51.22+ o = Tas m
4 | 49.98m | "
0.24 (49.98 — 51.22) = 50.92m
P54 = pag = 6.08
pas = (1—0.24)8.04 = 6.08
. 6.08 .
T 6.08+25
P65 = 455 = 50.855
Fss = 50.92 + 165 = 155 m
5 | 50.6m ’
0.2 (50.6 — 50.92) = 50.855m
Des = P55 = 4.89
pss = (1—0.2)6.08 = 4.89
4.89 o1
67 489+25
Fre = @6 = 51.14m
Z66 = 50.855 + 7.6 — 6,6
6 | 52.61lm '
0.16 (52.61 — 50.855) = 51.14m
P76 = pes = 4.09
pes = (1 —0.16)4.89 = 4.09

Continued on next page
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Table 4.3: Example 5 filter iterations. (Continued)

4.09
K= ———=0.14
4.09 + 25
Tg7 = 77 = 50.4m
Tr7 =51.14 + 8,7 7.7
7 | 45.87Tm ’
0.14 (45.87 — 51.14) = 50.4m
ps7 = pr7 = 3.52
prr = (1 —0.14)4.09 = 3.52
3.52 019
T 352425
Tgg = Tgg = 49.44m
Tgs = 50.4 + o Tes
8 | 42.64m '
0.12 (42.64 — 50.4) = 49.44m
Pog = psg = 3.08
pss = (1 —0.12) 3.52 = 3.08
3.08
Kg=————=0.11
3.08 +25
10,0 = B9 = 49.31
Fo9 = 49.44 + 10,0 = T99 m
9 | 48.26m '
0.11(48.26 — 49.44) = 49.31m
D109 = Do = 2.74
Pog = (1 —-10.11)3.08 = 2.74
% 2.74 01
o425
T =2 = 49.96m
Z1010 = 49.31 + 11,10 10,10
10 | 55.84m ’
0.1(55.84 — 49.31) = 49.96m
P11,10 = Pro,10 = 2.47
D1o,10 = (1 —-0.1)2.74 = 2.47
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Results analysis

First of all, we want to ensure Kalman Filter convergence. The Kalman Gain should
gradually decrease until it reaches a steady state. When Kalman Gain is low, the
weight of the noisy measurements is also low. The following plot describes the

Kalman Gain for the first one hundred iterations of the Kalman Filter.

Kalman Gain

0.8 4

0.6 4

Kalman Gain

0.4+

0.2+

0.0 4

6 Z‘D 4‘0 56 EID lﬂ‘ﬂ
Measurement number

Figure 4.10: Example 5: the Kalman Gain.

We can see a significant reduction in the Kalman Gain during the first ten iterations.

The Kalman Gain enters a steady state after approximately fifty iterations.

We also want to examine accuracy. Accuracy indicates how close the measurement
is to the true value. Figure 4.11 compares the true value, measured values, and

estimates for the first 50 iterations.

An estimation error is a difference between the true values (the green line) and the
KF estimates (the red line). We can see that the estimation errors of our KF decrease

in the filter convergence region.
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Building Height

65 q
—— True values

=—— Measurements
—8— Estimates
# Initialization

60 4 +

55 4

Height (m)

50

45

40

6 l‘ﬂ ZIU 3;.) 4'0 5‘0
Measurement number

Figure 4.11: Ezample 5: True value, measured values and estimates.

One can define accuracy criteria based on the specific application requirements. The
typical accuracy criteria are:
e Maximum error

e Mean error
e Root Mean Square Error (RMSE)

Another important parameter is estimation uncertainty. We want the Kalman
Filter (KF) estimates to be precise; therefore, we are interested in low estimation

uncertainty.

Assume that for a building height measurement application, there is a requirement
for 95% confidence. The following chart shows the KF estimates and the true values

with 95% confidence intervals.
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Building Height

== True values
—8— Estimates
57.5 4 95% confidence interval

meﬂaxm

Height (m)
g
>

42.5 4

0 10 20 30 W 50
Measurement number

Figure 4.12: High uncertainty.

You can find the guidelines for a confidence interval calculation in Appendix B.

In the above chart, the confidence intervals are added to the estimates (the red line).

95% of the green samples should be within the 95% confidence region.

We can see that the uncertainty is too high. Let us decrease the measurement
uncertainty. The following chart describes the KF output for a low measurement

uncertainty parameter.

Building Height

== True values
—e— Estimates
52 4 95% confidence interval

Height (m)

48

47

46

[ 10 20 30 40 50
Measurement number

Figure 4.13: Low uncertainty.

Although we’ve decreased the uncertainty of the estimates, many green samples
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are outside the 95% confidence region. The Kalman Filter is overconfident and too

optimistic about its accuracy.

Let us find the measurement uncertainty that yields the desired estimate uncertainty.

Building Height

== True values
53 —&— Estimates
95% confidence interval

52

51

Height (m)

a5

0 10 20 30 a0 50
Measurement number

Figure 4.14: Normal uncertainty.

The above chart shows that 2 out of 50 samples slightly exceed the 95% confidence

region. This performance satisfies our requirements.

Example summary

We measured the building height using the one-dimensional Kalman Filter in this
example. Unlike the o — 3 — (=) filter, the Kalman Gain is dynamic and depends on

the precision of the measurement device.

The initial value used by the Kalman Filter is not precise. Therefore, the measurement

weight in the State Update Equation is high, and the estimate uncertainty is high.

With each iteration, the measurement weight is lower; therefore, the estimate uncer-

tainty is lower.

The Kalman Filter output includes the estimate and the estimate uncertainty.
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5. Adding process noise

In this chapter, we add process noise to the one-dimensional Kalman Filter model.

The complete model of the one-dimensional Kalman
Filter

The Process Noise

In the real world, there are uncertainties in the system dynamic model. For example,
when we want to estimate the resistance value of the resistor, we assume a constant
dynamic model, i.e., the resistance doesn’t change between the measurements. How-
ever, the resistance can change slightly due to the fluctuation of the environment
temperature. When tracking ballistic missiles with radar, the uncertainty of the
dynamic model includes random changes in the target acceleration. The uncertainties

are much more significant for an aircraft due to possible aircraft maneuvers.

On the other hand, when we estimate the location of a static object using a Global
Positioning System (GPS) receiver, the uncertainty of the dynamic model is zero
since the static object doesn’t move. The uncertainty of the dynamic model is
called the Process Noise. In the literature, it is also called plant noise, driving
noise, dynamics noise, model noise, and system noise. The process noise produces

estimation errors.

In the previous example, we estimated the height of the building. Since the building

height doesn’t change, we didn’t consider the process noise.
The Process Noise Variance is denoted by the letter q.

The Covariance Extrapolation Equation shall include the Process Noise

Variance.

The Covariance Extrapolation Equation for constant dynamics is:

Pn+1n = Pnn + Gn (5]-)
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These are the updated Kalman Filter equations in one dimension:

Alternative names

Equation Equation Name
used in the literature
Tpm = Tpn1 + Kn(zn, — Tnn) State Update Filtering Equation
State
Update Prpn = (1 = Kp)Dnn—1 Covariance Update Corrector Equation
Pnn—1
K, = S Kalman Gain Weight Equation
pn,n—l + Tn
Tniin = Tn, . .
e o _ Predictor Equation
(for constant dynamics)
Transition Equation
State Prodiction Eauati
State . . . ' rediction Equation
Tpt1n = Tpn + Aty , Extrapolation ]
Predict - R Dynamic Model
Tntln = T
e o . _ State Space Model
(for constant velocity dynamics)
Prtin = Pron + n
(for constant dynamics)
Covariance Predictor Covariance
Dh i = Dhn + APDE, Extrapolation Equation

pz—i-l,n = pzm, + qn

(for constant velocity dynamics)

Table 5.1: Kalman Filter equations in one dimension with process noise.

p ) The State Extrapolation Equation and the Covariance Extrapolation Equation
depend on the system dynamics.

p ) The table above demonstrates the special form of the Kalman Filter equations
tailored for the specific case. The general form of the equation is presented
later in matrix notation. For now, our goal is to understand the concept of
the Kalman Filter.
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Example 6 - Estimating the temperature of the liquid
in a tank

We want to estimate the temperature of the liquid in a tank.

Figure 5.1: FEstimating the liquid temperature.

We assume that at a steady state, the liquid temperature is constant. However, some
fluctuations in the true liquid temperature are possible. We can describe the system

dynamics by the following equation:
r, =T+ w, (5.2)

Where:

T is the constant temperature

w, is a random process noise with variance ¢

The numerical example

e Let us assume a true temperature of 50 degrees Celsius.

e We assume that the model is accurate. Thus we set the process noise variance
(¢) to 0.0001.

e The measurement error (standard deviation) is 0.1 degrees Celsius.

e The measurements are taken every 5 seconds.

e The true liquid temperature values at the measurement points are: 50.005°C),
49.994°C', 49.993°C', 50.001°C', 50.006°C", 49.998°C', 50.021°C', 50.005°C, 50°C),
and 49.997°C".

e The measurements are: 49.986°C', 49.963°C, 50.09°C, 50.001°C', 50.018°C,
50.05°C', 49.938°C', 49.858°C', 49.965°C, and 50.114°C.
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The following chart compares the true liquid temperature and the measurements.

The Liquid Temperature

=—¢— True values
—o— Measurements

50.10 4

50.05 4

50.00 4

Temperature (°C)

49.95

49.90

49.85

2 4 6 8 10
Measurement number

Figure 5.2: Ezample 6 : true temperature vs. measurements

Iteration Zero

Before the first iteration, we must initialize the Kalman Filter and predict the
following state (which is the first state).

Initialization

We don’t know the true temperature of the liquid in a tank, and our guess is 60°C'.

JA,’()_Q — 6000

Our guess is imprecise, so we set our initialization estimate error o to 100. The

Estimate Variance of the initialization is the error variance (o?):

Poo = 1002 = 10,000

This variance is very high. We get faster Kalman Filter convergence if we initialize
with a more meaningful value.
Prediction

Since our model has constant dynamics, the predicted estimate is equal to the current

estimate:

52’1,0 - 6000

The extrapolated estimate variance:

P10 = Po,o + ¢ = 10000 + 0.0001 = 10000.0001
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First lteration
Step 1 - Measure

The measurement value:

21 = 49.986°C

Since the measurement error is 0.1 (o), the variance (0?) would be 0.01; thus, the

measurement variance is:

r = 0.01

Step 2 - Update
Kalman Gain calculation:

P1,0 10000.0001

K, = -
pro+r1  10000.0001 + 0.01

= 0.999999

The Kalman Gain is almost 1; thus, our estimate error is much bigger than the mea-
surement error. Thus the weight of the estimate is negligible, while the measurement

weight is almost 1.

Estimating the current state:

F11 = d10+ Ky (21 — #10) = 60 4 0.999999 (49.986 — 60) = 49.986°C

Update the current estimate variance:

1= (1 —Ki)pio=(1-0.999999)10000.0001 = 0.01

Step 3 - Predict

Since our system’s Dynamic Model is constant, i.e., the liquid temperature doesn’t

change:

Boy = &1, = 49.986°C

The extrapolated estimate variance is:

P21 =p1,1 +q=0.01+0.0001 =0.0101

Second lteration
Step 1 - Measure

The second measurement is:

29 = 49.963°C'

Since the measurement error is 0.1 (o), the variance (0?) would be 0.01; thus, the

measurement variance is:

ro = 0.01
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Step 2 - Update
Kalman Gain calculation:

P21 0.0101

27 ot s 0.0101+0.01

The Kalman Gain is 0.5, i.e., the weight of the estimate and the measurement weight

are equal.

Estimating the current state:
ZIAL‘272 = [i’gyl + K2 (22 — 37271) = 50.13 + 0.47 (4844 — 5013) = 49.33m

Update the current estimate variance:
P22 = (1 — K3)pe1 = (1-0.5)0.0101 = 0.005

Step 3 - Predict

Since the dynamic model of the system is constant, i.e., the liquid temperature
doesn’t change:
i’g’g - 3?272 - 4997400

The extrapolated estimate variance is:
P32 = P22 + ¢ = 0.005+ 0.0001 = 0.0051

Iterations 3-10

The calculations for the subsequent iterations are summarized in the following table:

Table 5.2: Example 6 filter iterations.

Current state estimates Prediction

(K'rw jn,napn,n) (in—i—l,napn—}-l,n)

K _ 0ot 0.3388
7 0.0051 +0.01
Fag = 49.974 +
5 Fus = dss = 50.016°C
0.3388 (50.09 — 49.974) = : :
3 | 50.09°C
50.016°C

pa3 = 0.0034 + 0.0001 = 0.0035

P33 = (1 —0.3388)0.0051 =
0.0034

Continued on next page
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Table 5.2: Example 6 filter iterations. (Continued)

4 | 50.001°C]

0.0035

= ————— =10.2586
0.0035 + 0.01

K,y
12'4’4 = 50016 +

0.2586 (50.001 — 50.016) =
50.012°C

pas = (1 —0.2586) 0.0035 =
0.0026

§7574 — 1%4’4 — 5001200

ps.4 = 0.0026 + 0.0001 = 0.0027

5 | 50.018°C]

% 0.0027 09117
°70.0027 +0.01
fi'575 — 50012 —|—

0.2117 (50.018 — 50.012) =
50.013°C

pss = (1 —0.2117) 0.0027 =
0.0021

Z65 = 55 = 50.013°C

pe,s = 0.0021 + 0.0001 = 0.0022

0.0022

= ————=0.1815
0.0022 + 0.01

6

5= 50.013 +
0.1815 (50.05 — 50.013) =

.’i’776 - i(),ﬁ - 500200

6 | 50.05°C
50.02°C
pr = 0.0018 + 0.0001 = 0.0019
pes = (1 — 0.1815) 0.0022 =
0.0018
- 0.0019 .
T 0.0019+0.01
b= 50.02 +
T Pen = fnn = 49.978°C
0.1607 (49.938 — 50.02) = ' !
7 | 49.938°C

50.007°C

pr7 = (1—10.1607) 0.0019 =
0.0016

ps,7 = 0.0016 + 0.0001 = 0.0017

Continued on next page
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Table 5.2: Example 6 filter iterations. (Continued)

0.0017

- —(.1458
® 7 0.0017 + 0.01
igs = 50.007 +
o Tos = dgs = 49.985°C
0.1458 (49.858 — 50.007) =
8 | 49.858°C
49.985°C'

po,s = 0.0015 + 0.0001 = 0.0016

pss = (1 —0.1458) 0.0017 =
0.0015

0.0016

= ————— =(.1348
0.0016 + 0.01

Ky
fi'979 - 49985 —|—

0.1348 (49.965 — 49.985) =
49.982°C

109 = B9 = 49.982°C
9 | 49.965°C
P1oo = 0.0014+0.0001 = 0.0015

Poo = (1 —0.1348) 0.0016 =

0.0014
0.0015
Kip= ————=0.1265
0.0015 + 0.01
ilO,lO = 49.982 + 1’2’11’10 = Zi’l()’l() = 49.999°C
0.1265 (50.114 —49.982) =
10 | 50.114°C]
49.999°C pi1,10 = 0.0013 + 0.0001 =

0.0014
Pro10 = (1 —0.1265) 0.0015 =
0.0013

5.2.2 Results analysis
The following chart describes the Kalman Gain.
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Kalman Gain

104

0.8

o
o

Kalman Gain

0.4 1
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6
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Figure 5.3: Ezample 6: the Kalman Gain.

As you can see, the Kalman Gain gradually decreases; therefore, the KF converges.

The following chart compares the true value, measured values, and estimates. The

confidence interval is 95%.

You can find the guidelines for a confidence interval calculation in Appendix B.

The Liquid Temperature

50.20 o

—— True values

=—8— Measurements

50.15 4 —&— Estimates

95% confidence interval

50.10 1

50.05 A

Temperature (°C)
]
g
<
>
b

49.95 4

49.90 4

49.85 4

49.80 1

2 a 6 8 10
Measurement number

Figure 5.4: Ezample 6: true value, measured values and estimates.

As you can see, the estimated value converges toward the true value. The KF

estimates uncertainties are too high for the 95% confidence level.
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5.2.3 Example summary

We measured a liquid temperature using the one-dimensional Kalman Filter. Al-
though the system dynamics include a random process noise, the Kalman Filter

provides a good estimation.
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5.3 Example 7 - Estimating the temperature of a heating
liquid |
Like in the previous example, we estimate the temperature of a liquid in a tank. In

this case, the dynamic model of the system is not constant - the liquid is heating at

a rate of 0.1°C' every second.

5.3.1 The numerical example

The Kalman Filter parameters are similar to the previous example:
e We assume that the model is accurate. Thus we set the process noise variance
(¢) to 0.0001.
e The measurement error (standard deviation) is 0.1°C'.
e The measurements are taken every 5 seconds.

e The dynamic model of the system is constant.

p) Although the true dynamic model of the system is not constant (since the
liquid is heating), we treat the system as a system with a constant dynamic

model (the temperature doesn’t change).

e The true liquid temperature values at the measurement points are: 50.505°C),
50.994°C, 51.493°C, 52.001°C', 52.506°C', 52.998°C', 53.521°C, 54.005°C', 54.5°C),
and 54.997°C'.

e The measurements are: 50.486°C', 50.963°C', 51.597°C', 52.001°C', 52.518°C),
53.05°C, 53.438°C, 53.858°C), 54.465°C, and 55.114°C.

The following chart compares the true liquid temperature and the measurements.

The Liquid Temperature

== True values
== Measurements

b4

Temperature (°C)

2 4 6 8 10
Measurement number

Figure 5.5: FExample 7 : true temperature vs. measurements
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lteration Zero
Iteration zero is similar to the previous example.

Before the first iteration, we must initialize the Kalman Filter and predict the

following state (which is the first state).

Initialization
We don’t know the true temperature of the liquid in a tank, and our guess is 10°C.

Zo0 = 10°C

Our guess is imprecise, so we set our initialization estimate error o to 100. The

Estimate Variance of the initialization is the error variance (o?):

po,o = 100% = 10, 000

This variance is very high. We get faster Kalman Filter convergence if we initialize

with a more meaningful value.

Prediction

Now, we shall predict the next state based on the initialization values.

Since our model has constant dynamics, the predicted estimate is equal to the current
estimate:

[LA'L() - 1000

The extrapolated estimate variance:
P1,0 = Po,o + ¢ = 10000 + 0.0001 = 10000.0001

Ilterations 1-10

The calculations for the subsequent iterations are summarized in the following table:
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Table 5.3: Example 7 filter iterations.

Current state estimates Prediction

(Kn7 j}n,n,pn,n) (jn-l—l,napn-i-l,n)

10000.0001

K == fr—
' 10000.0001 + 0.01
0.999999

T11 = 10+
0.999999 (50.486 — 10) =
50.486°C

j:2,1 - 113'1’1 = 50.486°C'
1 | 50.486°C
p2,1 = 0.01 +0.0001 = 0.0101

P11 =
(1 —0.999999) 10000.0001 =
0.01

0.0101

= —————=10.5025
0.0101 +0.01

2
i’z,g = 50.486 +
0.5025 (50.963 — 50.486) =
50.726°C

R = g9 = 50.726°C
2 | 50.963°C
P32 = 0.005 + 0.0001 = 0.0051

P2 = (1 —0.5025)0.0101 =

0.005
. 0.0051 .
7 0.0051+001
Fas = 50.726 +
o 43 = £33 = 51.021°C
0.3388 (51.597 — 50.726) = ’
3 | 51.597°C
51.021°C

paz = 0.0034 + 0.0001 = 0.0035

P33 = (1 —0.3388)0.0051 =
0.0034

Continued on next page
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Table 5.3: Example 7 filter iterations. (Continued)

0.0035

= —————=10.2586
0.0035 + 0.01

Ky

[%4,4 = 51.021 +
0.2586 (52.001 — 51.021) =

54 = 44 = 51.274°C

4 | 52.001°C
51.274°C
ps.a = 0.0026 + 0.0001 = 0.0027
pas = (1 —0.2586)0.0035 =
0.0026
. 0.0027 D11
> 7 0.0027 +0.01
Bss = 51.274 +
o Fos = dss = 51.538°C
0.2117(52.518 — 51.274) = ’ ’
5 | 52.518°C
51.538°C
P65 = 0.0021 + 0.0001 = 0.0022
pss = (1 —0.2117)0.0027 =
0.0021
0.0022
¢ = ————=~0.1815
0.0022 + 0.01
66 = H1.538 +
ZL’676 §776 — i'()(, - 5181200
0.1815 (53.05 — 51.538) = 7 ’
6 | 53.05°C
51.812°C
pre = 0.0018 + 0.0001 = 0.0019
pes = (1 —0.1815)0.0022 =
0.0018
. 0.0019 .
"7 0.0019+0.01
irr= 51.812 +
o fg7 = @7r = 52.0735°C
0.1607 (53.438 — 51.812) = ’ ’
7 | 53.438°C

52.0735°C

pr7 = (1 —0.1607) 0.0019 =
0.0016

ps,7 = 0.0016 + 0.0001 = 0.0017

Continued on next page
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Table 5.3: Example 7 filter iterations. (Continued)

0.0017

= ———— =0.1458
0.0017 +0.01

8

fss = 52.0735 +
0.1458 (53.858 — 52.0735) =

o = dss = 52.334°C

52.936°C

P00 = (1 —0.1265) 0.0015 =
0.0013

8 | 53.858°C
52.334°C'
Pos = 0.0015 + 0.0001 = 0.0016
pss = (1 —0.1458)0.0017 =
0.0015
. 0.0016 01348
?70.0016 +0.01
foo = 52.334 +
109 F10.9 = T99 = 52.621°C
0.1348 (54.523 — 52.334) = ’ ’
9 | 54.523°C
52.621°C
P10 = 0.00144-0.0001 = 0.0015
Poo = (1 —0.1348)0.0016 =
0.0014
0.0015
K= ————=0.1265
0.0015 + 0.01
filO,lO = 2.621 + i’11710 = 52’10’10 = 52.936°C
0.1265 (55.114 — 52.621) =
10 | 55.114°C

Pi1,10 = 0.0013 + 0.0001 =
0.0014
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5.3.2 Results analysis

The following chart compares the true value, measured values, and estimates.

The Liquid Temperature

=—{— True values
—&— Measurements
—8— Estimates
95% confidence interval

559

53 4

Temperature (°C)

52 4

51 4

2 4 6 8 10
Measurement number

Figure 5.6: Fzxample 7: true value, measured values and estimates.

As you can see, the Kalman Filter has failed to provide a reliable estimation. There
is a lag error in the Kalman Filter estimation. We’ve already encountered the lag
error in Example 3, where we estimated the position of an accelerating aircraft using
the a — f filter that assumes constant aircraft velocity. We got rid of the lag error in

Example 4, where we replaced the a — 8 filter with the a — 8 — ~ filter that assumes
acceleration.

There are two reasons for the lag error in our Kalman Filter example:

e The dynamic model doesn’t fit the case.

e We have chosen very low process noise (¢ = 0.0001) while the true temperature

fluctuations are much more significant.

R) The lag error is constant. Therefore the estimate curve should have the
same slope as the true value curve. Figure 5.6 presents only the 10 first
measurements, which is not enough for convergence. Figure 5.7 presents the

first 100 measurements with a constant lag error.
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The Liquid Temperature

100 { == True values
—o— Measurements
—8— Estimates
95% confidence interval

90 4

80

70 4

Temperature (°C)

60 4

50

6 Z‘U 4‘0 ﬁb Eb 160
Measurement number

Figure 5.7: Example 7: 100 measurements.

There are two possible ways to fix the lag error:

e If we know that the liquid temperature can change linearly, we can define a
new model that considers a possible linear change in the liquid temperature.
We did this in Example 4. This method is preferred. However, this method
won’t improve the Kalman Filter performance if the temperature change can’t
be modeled.

e On the other hand, since our model is not well defined, we can adjust the
process model reliability by increasing the process noise (q). See the next

example for details.

Another problem is a low estimate uncertainty. The KF failed to provide accurate
estimates and is also confident in its estimates. It is an example of a bad KF

design.

5.3.3 Example summary

In this example, we measured the temperature of a heating liquid using a one-
dimensional Kalman Filter with a constant dynamic model. We’ve observed the lag
error in the Kalman Filter estimation. The wrong dynamic model and process model

definitions cause the lag error.

An appropriate dynamic model or process model definition can fix the lag error.
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Example 8 - Estimating the temperature of a heating
liquid Il

This example is similar to the previous example, with only one change. Since our

process is not well-defined, we increase the process variance (¢) from 0.0001 to 0.15.

The numerical example

Ilteration Zero

Iteration zero is similar to the previous example.

Before the first iteration, we must initialize the Kalman Filter and predict the
following state (which is the first state).

Initialization

We don’t know the true temperature of the liquid in a tank, and our guess is 10°C".

Foo = 10°C

Our guess is imprecise, so we set our initialization estimate error o to 100. The

Estimate Variance of the initialization is the error variance (o?):

Poo = 100% = 10, 000

This variance is very high. We get faster Kalman Filter convergence if we initialize

with a more meaningful value.
Prediction
Now, we shall predict the next state based on the initialization values.

Since our model has constant dynamics, the predicted estimate is equal to the current

estimate:
210 = 10°C

The extrapolated estimate variance:

Pro = Poo + ¢ = 10000 + 0.15 = 10000.15

lterations 1-10

The calculations for the subsequent iterations are summarized in the following table:
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Table 5.4: Example 5 filter iterations.

Current state estimates Prediction

(Kn7 j}n,n,pn,n) (;%n-l—l,napn-i-l,n)

10000.15

K]_ — f
10000.15 + 0.01
0.999999

-i.l,l - 10 + £2,1 = .7?171 - 5048600
1 | 50.486°C"| 0.999999 (50.486 — 10) =
50.486°C p2,1 = 0.01 +0.15=10.16

P11 =
(1 — 0.999999) 10000.15 = 0.01

0.16

Ky=—— —0.9412
27016 +0.01
Fgq = 50.486 +
22 G50 = 9o = 50.934°C
0.9412 (50.963 — 50.486) = ’ ’
2 | 50.963°C
50.934°C

p32 = 0.0094 + 0.15 = 0.1594

P22 = (1—0.9412)0.16 =

0.0094
0.1594 Cout
7 0.1594 +0.01
Fas = 50.934 +
o 43 = @33 = 51.556°C
0.941 (51.597 — 50.934) =
3 | 51.597°C
51.556°C

pas = 0.0094 + 0.15 = 0.1594

pss = (1 —0.941)0.1594 =
0.0094

Continued on next page
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Table 5.4: Example 5 filter iterations. (Continued)

0.1594

= —————=0.941
0.1594 + 0.01

Ky

44 = 51.556+
0.941 (52.001 — 51.556) =

Ts4 = Tg44 = 51.975°C

4 | 52.001°C
51.975°C"
ps.a = 0.0094 + 0.15 = 0.1594
pra = (1—0.941)0.1504 =
0.0094
. 0.1594 o
701594 +0.01
Be s = 51075 +
i ? Fos = @5 = 52.486°C
0.941 (52.518 — 51.975) — : :
5 | 52.518°C
52.486°C"
Pes = 0.0094 1 0.15 = 0.1594
pss = (1—0.941)0.1504 =
0.0094
0.1594
= —— 0041
0.1594 + 0.01
be s = 52.486 4
100 s = dog = 53.017°C
0.941 (53.05 — 52.486) — : :
6 | 53.050C
53.017°C"
pr = 0.0094 + 0.15 = 0.1594
pos = (1 — 0.941)0.1594 —
0.0094
p 0.1594 o
T 01594 +0.01
o= 53.017 +
N fg7 = @77 = 53.413°C
0.941 (53.438 — 53.017) = : :
7 | 53.438°C

53.413°C

prr = (1 —0.941)0.1594 =
0.0094

ps7 = 0.0094 + 0.15 = 0.1594

Continued on next page
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Table 5.4: Example 5 filter iterations. (Continued)

0.1594 ot
® 701594+ 0.01
Feg = 53.413 +
5 fos = fgs = 53.832°C
0.941 (53.858 — 53.413) = | ’
8 | 53.858°C
53.832°C

pos = 0.0094 + 0.15 = 0.1594

pss = (1 —0.941)0.1594 =

0.0094
p 0.1594 on
7 0.1594 +0.01
Foo = 53.832 +
9 F100 = oo = 54.428°C
0.941 (54.523 — 53.832) = ’ ’
9 | 54.523°C
54.428°C

P10, = 0.0094 + 0.15 = 0.1594

Poo = (1 —0.941)0.1594 =
0.0094

0.1594

= ————=10.941
0.1594 + 0.01

Ko
filO,lO = H4.428% +

0.941 (55.114 — 54.428) =
55.074°C

.@11710 - .f/’10710 - 5507400
10 | 55.114°C
pi1,10 = 0.0094 + 0.15 = 0.1594

P10,10 = (1 — 0.941) 0.1594 =
0.0094
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5.4.2 Results analysis

The following chart compares the true value, measured values, and estimates.

The Liquid Temperature

== True values
—o— Measurements
—@— Estimates
95% confidence interval

55 4

v
It}

Temperature (°C)

v
¥

51 4

2 4 5 8 10
Measurement number

Figure 5.8: Ezample 8: true value, measured values and estimates.

As you can see, the estimates follow the measurements. There is no lag error.

Let us take a look at the Kalman Gain.

Kalman Gain

Kalman Gain
°
©
3

0.95

2 a 6 8 10
Measurement number

Figure 5.9: Example 8: the Kalman Gain.

Due to the high process uncertainty, the measurement weight is much higher than



54.3
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the weight of the estimate. Thus, the Kalman Gain is high, and it converges to 0.94.

The good news is that we can trust the estimates of this KF. The true values (the

green line) are within the 95% confidence region.

Example summary

The best Kalman Filter implementation involves a model that is very close to reality,
leaving little room for process noise. However, a precise model is not always available.
For example, an airplane pilot may decide to perform a sudden maneuver that
changes the predicted airplane trajectory. In this case, the process noise would be

increased.
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6. Foreword

After reading the “Kalman Filter in one dimension” part, you should be familiar
with the concepts of the Kalman Filter. In this part, we derive the multidimensional

(multivariate) Kalman Filter equations.

This part deals with a Linear Kalman Filter (LKF). The LKF assumes that the

system dynamics are linear. The next part describes non-linear Kalman Filters.

Until now, we’ve dealt with one-dimensional processes, like estimating the liquid

temperature. But many dynamic processes have two, three, or even more dimensions.

For instance, the state vector that describes the airplane’s position in space is

three-dimensional:

y (6.1)

The state vector that describes the airplane position and velocity is six-dimensional:

(6.2)

S R S e I S

The state vector that describes the airplane position, velocity, and acceleration is

nine-dimensional:



126 Chapter 6. Foreword

(6.3)

ISTEENEIR S HER S B < S L S NS

Figure 6.1: Airplane in 3D.

Assuming a constant acceleration dynamic model, we can describe the extrapolated

airplane state at time n by nine motion equations:
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(

1
Tp = Tpn_1 + Ztn_lAt + §[En_1At2

1
Yn = Yn—1 + Yn1 AL + §?jn—1At2

1
Zn = Zn—1+ Z’nflAt + 5 2n,1At2
Tp = Tp—1 + (an,lAt (64)
yn = yn—l + yn—lAt

Zn = Zp—1+ én—lAt

Tp = Tp-1
Yn = Yn—1
Zn = Zn—1

\

It is common practice to describe a multidimensional process with a single equation

in matrix form.

First, it is very exhausting to write all these equations; representing them in matrix

notation is much shorter and more elegant.

Second, computers are highly efficient at matrix calculations. Implementing the

Kalman Filter in matrix form yields faster computation run time.

The following chapters describe the Kalman Filter equations in matrix form. And,

of course, the theoretical part is followed by fully solved numerical examples.

The final chapter includes two numerical examples. In the first example, we design
a six-dimensional Kalman Filter without control input. In the second example, we

design a two-dimensional Kalman Filter with a control input.
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7.2

/. Essential background Il

Before we tackle the multidimensional Kalman Filter, we’ll need to review some
essential math topics:

e Matrix operations.

e Expectation algebra.

e Multivariate Normal Distribution.
You can jump to chapter 8 if you are familiar with these topics.

The notation used in this book:
e Bold-face, lower-case letters refer to vectors, such as .
e Bold-face, capital letters refer to matrices, such as A.
e Normal-face lower-case letters refer to scalars or vector elements.

e Normal-face capital letters refer to matrix elements.

Matrix operations

All you need to know is basic terms and operations such as:
e Vector and matrix addition and multiplication.
e Matrix Transpose.
e Matrix Inverse (you don’t need to invert matrices by yourself, you just need to
know what the inverse of the matrix is).
e Symmetric Matrix.

e Figenvalues and eigenvectors.

There are numerous Linear Algebra textbooks and web tutorials that cover these

topics.

Expectation algebra

I extensively use the expectation algebra rules for Kalman Filter equations derivations.
If you are interested in understanding the derivations, you need to master expectation

algebra.

You already know what a random variable is and what an expected value (or

expectation) is. If not, please read chapter 2 - “Essential background 1.”
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Basic expectation rules

The expectation is denoted by the capital letter E.

The expectation E(X) of the random variable X equals the mean of the random

variable:

E(X) = px

Expectation of the random variable

Where px is the mean of the random variable.

Here are some basic expectation rules:

Rule

Notes

1 E(X)=px = Xap(z)

2 E()=a

3 E(aX)=aB(X)

4 EBEl+X)=a+BEX)

5 Ea+bX)=a=+bE(X)

6 E(X+Y)=EX)+E(®Y)

7  E(XY)=E(X)E(Y)

p(z) is the probability of x (discrete

case)

a is constant

a is constant

a is constant

a and b are constant

Y is another random variable

If X and Y are independent

Table 7.1: Ezxpectation rules.
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7.2.2 Variance and Covariance expectation rules

The following table includes the variance and covariance expectation rules.

Rule Notes
§ V(a)=0 V?a) is the variance of a
a 18 constant
9 V(a+X)=V(X) V{X) is the variance of X
a 1s constant
10 V(X)=E(X?) — 1A V(X) is the variance of X
11 COV(X,Y)=E(XY)—puxpy COV(X,Y) is a covariance of X
and Y
12 COV(X,Y)=0 if X and Y are independent
13 V(aX) = a?V(X) a is constant
14 V(X£Y)=
V(X)+V(Y)£2C0V(X,Y)
15 V(XY) £ V(X)V(Y)

Table 7.2: Variance and covariance expectation rules.

The variance and covariance expectation rules are not straightforward. I prove some

of them.

Rule 8

V(a) =0

A constant does not vary, so the variance of a constant is 0.

Rule 9

Vie+X)=V(X)

Adding a constant to the variable does not change its variance.

(7.2)
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Rule 10
V(X) = B(X?) — % (7.4)

The proof

Equation Notes

V(X) = 0% = B((X — jix)?)

= B(X? = 2Xpx + pi%)

= F(X?) — E(2Xux) + E(u%) Applied rule number 5: F(a +bX) =a+bE(X)
= F(X?) —2uxE(X) + E(u%) Applied rule number 3: E(aX) = aF(X)

= F(X?) —2uxFE(X) + 1% Applied rule number 2: E(a) = a

= B(X?) — 2uxpx + % Applied rule number 1: E(X) = ux

= B(X?) —

Table 7.3: Variance expectation rule.
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Rule 11
COV(X,Y) = E(XY) — pxpy (7.5)

The proof

Equation Notes

COV(X,Y) = E((X — pux)(Y — py)

= BE(XY — Xpy —Ypux + pxpiy)

Applied rule number 6:

= E(XY) — E(Xpy) — E(Ypx) + E(uxpy) E(X£Y) = E(X) + E(Y)

Applied rule number 3:
=FEXY)—uyEX)—uxEY)+E

(XY) = py E(X) — px E(Y) (kxpy) E(aX) = aB(X)
=E(XY) = uy E(X) — uxE(Y) + puxpy Applied rule number 2: E(a) = a
= E(XY) — puypux — pxpy + pxpy Applied rule number 1: E(X) = ux

= BE(XY) — uxpy

Table 7.4: Covariance expectation rule.
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Rule 13
V(aX) = a*V(X) (7.6)
The proof
Equation Notes
V(K) = 0% = B(K?) — i,
K =aX
V(K) =V (aX) = E((aX)?) — (aux)* Substitute K with a X
= E(a®X?) — a®u%
— 2E(X?) — a2 Applied rule number 3:
E(aX) =aE(X)
= a*(B(X?) - %)
_ 2V(X) Applied rule number 10:
V(X) = E(X?) — ik
Table 7.5: Variance square expectation rule.
For constant velocity motion:
V(z) = AV (v) (7.7)
or
o? = Ao (78)
Where:

x is the displacement of the body
v is the velocity of the body

At is the time interval
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Rule 14
V(X£Y) = V(X)+ V(Y)£200V(X,Y) (7.9)

The proof

Equation Notes

V(X +Y)

= F(X £Y)?) — (ux & py)? Applied rule number 10:
V(X) = B(Y?) - &

= B(X? £2XY +Y?) — (4% £ 2uxpy + p3)

= F(X?) — p4+E(Y?) — p2+2(E(XY) — uxpy) Applied rule number 6:
E(X+Y) = E(X)+ E(Y)

=V(X)+ V(Y)£2(E(XY) — pxpy) Applied rule number 10:
V(X) = B(X?) — ik

=V(X)+V(Y)£2C00V(X,Y) Applied rule number 11:
COV(X,Y) = E(XY) — pxpy

Table 7.6: Variance sum expectation rule.
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Multivariate Normal Distribution

Intfroduction

We'’ve seen that the Kalman Filter output is a random variable. The mean of the
random variable is the state estimate. The variance of the random variable represents
the estimation uncertainty. The Kalman Filter provides us with the estimate and

the level of confidence of its estimate.

The one-dimensional Kalman Filter equations include four uncertainty variables:
Pnn 1S the variance of an estimate (the current state)

Pnt1n 1S the variance of a prediction (the next state)
Tn is the measurement variance

q is the process noise

For a multivariate Kalman Filter, the system state is described by a vector with more
than one variable. For example, the object’s position on the plane can be described

by two variables: x — position and y — position:

o — H (7.10)
y

The Kalman Filter output is a multivariate random variable. A covariance

matrix describes the squared uncertainty of the multivariate random variable.

The uncertainty variables of the multivariate Kalman Filter are:
P,, is a covariance matrix that describes the squared uncertainty of an

estimate

P, ., isa covariance matrix that describes the squared uncertainty of a

prediction

R, is a covariance matrix that describes the squared measurement
uncertainty

Q is a covariance matrix that describes the process noise

This chapter is about the multivariate normal distribution and the covariance

matrix.

Covariance

Covariance is a measure of the strength of the correlation between two or more sets

of random variates.

Assume a set of object location measurements on the = — y plane.
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Figure 7.1: Object on the z-y plane.

Due to the random error, there is a variance in the measurements.

Let us see some examples of different measurement sets.

- . o )
X X
) "..,:I"'
Lodpe 4
CABEM s
o R,
> PR t-:. >
‘\;...__}EI N
T et
-I -
X X

Figure 7.2: FExamples of different measurement sets.

The two upper subplots demonstrate uncorrelated measurements. The x and y values
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don’t depend on each other. The x and y values of the blue data set have the same
variance, and we can see a circular distribution shape. For the red data set, the
variance of the x values is greater than that of the y values, and the distribution
shape is elliptic. Since the measurements are uncorrelated, the covariance of x and y

equals zero.

The two lower subplots demonstrate correlated measurements. There is a dependency
between z and y values. For the green data set, an increase in x results in an increase
in y and vice versa. The correlation is positive; therefore, the covariance is positive.
For the cyan data set, an increase in x results in a decrease in y and vice versa. The

correlation is negative; therefore, the covariance is negative.

The covariance between population X and population Y with size N is given by:

COVX,Y) = 5 S~ )i — ) (711)

i=1

Let us rewrite the covariance equation:

Equation Notes
N
COV(X,Y) = NZ(% — 1) (Yi — hy)
i=1
1 N
- NZW% — Tifly = Yillo + Hafly) Open parenthesis
i=1
1 N 1 N 1 N 1 N
- _Z(%«%) - _Z(xiﬂy> - _Z(yiﬂw) + —Z(,uw,uy) Distribute
Ni:l Ni:l Nizl Ni:l
1 N
e = == <x1>
1 al Hy al Mg N
N ) — Nt i=1
= N;@%%) N Zzl(xz) N Zzl(yz) + Hatly s
Hy = N (yz>

1 N
= () = ety = paopty + oty
=1

1 N
= D (@iw) = patty
=1

Table 7.7: Covariance equation.
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The covariance of a sample with size N is normalized by N — 1:

N
1
COV(X)Y) = v > (i = ) (yi — 1) (7.12)
=1
Equation Notes
1 N
COV(X,Y) = mzm — o) (Yi — Hy)
=1
R Open
= =) \Tili — Tifty — Yifta + Ha
N 1;( Yi = Tifly = Yibla + flafly) parenthesis
R 1 &
=y o)~ ) -
. N . N Distribute
- m;(yiﬂx) + m;(ﬂxﬂy)
1 N 1Ly N 1 N
=1 =1 =1
N N
J N 1
— o) ety o= 2.0

=1

1 N

= mZ(%yz) - m,ux#y - mﬂzﬂy +

N

N

- N — 1Mzﬂy

N

N

mﬂxﬂy

Example

Given samples:

Table 7.8: Sample covariance equation.

S © J
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COV(X,Y) = —— 5N N
(X,Y) = N_lzi:1(xiyi)_ N_l,umﬂy
12 3T 1% 04t 4((24+43-14+4)(8+7+9+6) 5 6
_§(><+><—><+><)—§ 1 1 = —2.
We can stack the samples in two vectors  and y. The covariance in vector notation
is given by:
1 N
XY)=—2z2'y— ——p, 1
COV(X,Y) = 5a@ Yy — g Hally (7.13)

For a zero-mean random variable, the covariance is given by:

1
x'y (7.14)

COV(X.Y) =

Covariance matrix

A covariance matrix is a square matrix that represents the covariance between each

pair of elements in a given multivariate random variable.

For a two-dimensional random variable, the covariance matrix is:

2
o azy] B [ax Oy
o 2

Oyz Oyy Oyg Uy

VAR(x) COV(x,y)
COV(y,z) VAR(y)

3= (7.15)

Note that the off-diagonal entries of the covariance matrix are equal since COV (z, y) =
COV (y,x). If z and y are uncorrelated, the off-diagonal entries of the covariance

matrix are zero.

For a n - dimensional random variable, the covariance matrix is:

01 012 O1n
2
021 05+ O2p
T= ' ' (7.16)
2
Onl On2 Un

Most scientific computer packages can compute the covariance matrix.
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Python example:

1 numpy as np

o]
I

np.array ([2, 3, -1, 4])
4y = np.array([8, 7, 9, 6])

Q
I

np.cov(x,y)

7 (c)

o [[ 4.66666667 -2.66666667]
w [-2.66666667 1.66666667]]

MATLAB example:

1x = [2 3 -1 4];

>y = [8 7 9 6];

3

1 C = (x,y)

6 C =

8 4.6667 -2.6667
9 -2.6667 1.6667

7.3.3.1 Properties of the covariance matrix

1. The diagonal entries of this covariance matrix are the variances of the compo-

nents of the multivariate random variable.

22‘2‘ = O'-2

1

(7.17)

2. Since the diagonal entries are all non-negative, the trace (the sum of diagonal

entries) of this covariance matrix is non-negative:
n
tr(S) =Y ;>0 (7.18)
i=1
3. Since X;; = 045 = 0j; = Xj;, the covariance matrix is symmetric:
=% (7.19)
4. The covariance matrix is positive semidefinite.

The matrix A is called positive semidefinite if vZ Av > 0, for any vector v.

The eigenvalues of A are non-negative.
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7.3.3.2 Covariance matrix and expectation

Assume vector & with k£ elements:
X1
T2

= | (7.20)

Lk

The covariance maitrix of the vector =

COV(z) = E ((a: — ) (- ,J,x)T) (7.21)

Where p1x is the mean of the random variable.

The proof
(21 — iz, )? (@1 = pha) (@2 = pray) o+ (21 = pay ) (T — )
COV(z) = E (2 — u@)‘(xl — Hay) (2 —.uxQ)Q - (x2 — uxz)'(wk — Hay)
(@ = o) (@1 = pray) (T8 = phay ) (02 = fiy) - (@ = pa, )
(1 = fay )
o[ | [ ) s o o )
(x - fizy)

=B ((z— pe) (z— )"

7.3.4 Multivariate normal distribution

We are already familiar with a univariate normal distribution. It is described by a

bell-shaped Gaussian function:

o1 (= p)?
plalp. ) = —geap (-4 (7.22)
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The normal distribution is denoted by:
N(p,o?)

The multivariate normal distribution is a generalization of the univariate normal

distribution for a multidimensional random variable.

The n - dimensional multivariate normal distribution is described by:

1 1 Ts—1
plalie ) = e (—5@ WS (- m) (7.23)

Where:
x 1is an n - dimensional random vector

@ is an n - dimensional mean vector

3 is a square n X n covariance matrix

Bivariate normal distribution

A bivariate (two-dimensional) normal distribution comprises two normally distributed
random variables. I want to focus on the bivariate normal distribution since it is the

highest dimension of the multivariate normal distribution that we can visualize.

The following plot describes the bivariate Gaussian function.

0.20

0.10 Z

0.05

0.00

Figure 7.3: Bivariate Gaussian.
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Confidence intervals

A confidence interval specifies the probability that a parameter falls between a pair

of values around the mean for the univariate normal distribution.

For the univariate normal distribution, the area between the 1o boundaries and the

Gaussian function is 68.26% of the total area under the Gaussian function.

Distribution of pizza delivery times

Minutes

Figure 7.4: Univariate Gaussian.

For the univariate normal distribution, we can formulate the following statements:

e The confidence interval for the probability of 68.26% is 1o.
e The confidence interval for the probability of 95.44% is 20.
e The confidence interval for the probability of 99.74% is 3o.

We can also find the confidence interval of any specified probability for the univariate

normal distribution. You can see the explanation in Appendix B.

The probability of the bivariate normal distribution is a volume of the three-

dimensional Gaussian function.

For example, the volume of the three-dimensional Gaussian function sliced at 1o

level is 39.35% of the total volume of the three-dimensional Gaussian function.
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The projection of the three-dimensional Gaussian slice is an ellipse.

0.00

Figure 7.5: Biwvariate Gaussian with projection.

7.3.7 Covariance ellipse

First, let us find the properties of the covariance ellipse. The covariance ellipse
represents an iso-contour of the Gaussian distribution and allows visualization of a
1o confidence interval in two dimensions. The covariance ellipse provides a geometric

interpretation of the covariance matrix.

Any ellipse can be described by four parameters:

Ellipse center fi,, ft,

Half-major axis a
e Half-minor axis b

Orientation angle 0
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e

Figure 7.6: Covariance ellipse.

The ellipse center is a mean of the random variable:

1 N
1 2]‘V (7.24)
My = N;yz

The lengths of the ellipse axes are the square roots of the eigenvalues of the random
variable covariance matrix:
e The length of the half-major axis a is given by the highest eigenvalue square
root
e The length of the half-minor axis b is given by the second eigenvalue square

root

The orientation of the ellipse is an orientation of the covariance matrix eigenvector

that corresponds to the highest eigenvalue.

0 = arctan <%> (7.25)

Vg

Where:
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Uy

Uy

is the x - coordinate of the eigenvector that corresponds to the

highest eigenvalue

is the y - coordinate of the eigenvector that corresponds to the

highest eigenvalue

You can use a scientific computer package to compute the covariance ellipse parame-

ters.

Python example:

import numpy as np

C = np.array([[5, -2],[-2, 1]]) # define covariance matrix

eigVal, eigVec = np.linalg.eig(C) # find eigenvalues and
eigenvectors

a = np.sqrt(eigVal[0]) # half-major axis length

b = np.sqrt(eigVal[1]) # half-minor axis length

# ellipse orientation angle
theta = np.arctan(eigVec[1, 0] / eigVec[O, 0])

MATLAB example:

C =

[eigVec,

if eigVal(1l,1) > eigVal(2,2)

end

[6 -2; -2 1]; % define covariance matrix

)
Il

sqrt (eigVal(1,1)); % half-major axis

o’
Il

sqrt (eigVal (2,2)); % half-minor axis

theta = atan(eigVec(2,1) / eigVec(1,1));

radians)

2 else

»
L}

sqrt (eigVal (2,2)); % half-major axis
b = sqrt(eigVal(1,1)); % half-minor axis

theta = atan(eigVec(2,2) / eigVec(2,1));

radians)

eigVall = eig(C); % find eigenvalues and eigenvectors

% get the highest eigenvalue index

length
length

% ellipse angle (

length
length

% ellipse angle (
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Confidence ellipse

In many applications, there is an interest in finding the boundaries of specific
probability. For example, for 95% probability, we should find the boundary that

includes 95% of the Gaussian function volume.
The projection of this boundary onto the x — y plane is the confidence ellipse.

We want to find an elliptical scale factor k, that extends the covariance ellipse to

the confidence ellipse associated with 95% probability.

y

kb* -7 ka

Figure 7.7: Confidence ellipse.

Since o, and o, represent the standard deviations of stochastically independent
random variables, the addition theorem for the chi-square distribution may be used

to show that the probability associated with a confidence ellipse is given by [4]:

1
p=1—exp <—§k2) (7.26)

For a covariance ellipse k = 1, therefore, the probability associated with a covariance
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ellipse is:

1
p=1—exp <—§> = 39.35% (7.27)
For a given probability, we can find an elliptical scale factor:
k=+/—2In(1 —p) (7.28)

For the probability of 95%:

k= +/—2In(1 —0.95) = 2.45 (7.29)

The properties of the confidence ellipse associated with 95% probability are:
e Ellipse center (p, ft,) is similar to the covariance ellipse.
e Orientation angle # is similar to the covariance ellipse.
e Half-major axis length is 2.45a — a scaled half-major axis of the covariance
ellipse.
e Half-minor axis length is 2.450 — a scaled half-minor axis of the covariance

ellipse.
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8. Kalman Filter Equations Derivation

State Extrapolation Equation

The first Kalman Filter equation that I would like to describe is the state extrapo-

lation equation.

Using the state extrapolation equation, we can predict the next system state based
on the knowledge of the current state. It extrapolates the state vector from the

present (time step n) to the future (time step n + 1).
The state extrapolation equation describes the model of the dynamic system.

The general form of the state extrapolation equation in a matrix notation is:

State Extrapolation Equation
Toi1n = F&p, + Gu, +w, (8.1)

Where:

Z,41, 1s a predicted system state vector at time step n + 1
T,n, 1s an estimated system state vector at time step n
U, is a control variable or input variable - a measurable

(deterministic) input to the system

w, is a process noise or disturbance - an unmeasurable input that
affects the state

F is a state transition matrix

G is a control matrix or input transition matrix (mapping

control to state variables)

p ) In the literature, the state transition matrix F' is sometimes denoted by a
Greek letter ®.

In the literature, state extrapolation equation is also called:

e Predictor Equation
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Transition Equation

Prediction Equation

Dynamic Model
State Space Model

Noise

uq (t)

u, (t)

X1 (t)i X2 (t)r e X (t)
State Variables

v

Inputs

xq (¢ + At)

xy (t + At)

xp (T + At)

Figure 8.1: Kalman Filter Fxtrapolation.

The state variables may represent attributes of the system that we wish to know.

For example, a moving vehicle has three attributes: position, velocity, and accelera-

tion.

You might ask yourself, which attributes are the state variables, and which attributes

are the input to the system?

e Moving mechanical systems have attributes such as position, velocity, accelera-

tion, and drag.

e A force that acts on a system should be considered an external forcing function,

i.e., an input to the system that controls the state vector (position and velocity

in the constant acceleration case).

e Newton’s second law tells us that /' = ma. Thus we can consider acceleration

as an external input to the system.

e The position and the velocity are the primary state variables of interest.

For instance, in a spring system, the force applied to the spring F(¢) is an input u(t),

while the spring displacement z(t) is the system state.
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FO . AMAMAA

NANNNNN

Figure 8.2: Spring System.

For a falling object, the inputs are the gravitational force I, and the drag force
Firag(t), while the object height h(t) and velocity v(t) are the system states.

I Fgrag(t)

h(t)
v(t)

A

Figure 8.3: Fulling Object.

p ) The process noise w, does not typically appear directly in the equations of
interest. Instead, this term is used to model the uncertainty in the Covariance

Extrapolation Equation.
Let’s take a look at several examples of the state extrapolation equation.

Example - airplane - no control input

In this example, we define the State Extrapolation Equation for an airplane, assuming

a constant acceleration model
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In this example, there is no control input.
u, =0 (8.2)

Consider an airplane moving in three-dimensional space with constant acceleration.
The state vector &,, that describes the estimated airplane position, velocity, and
acceleration in a cartesian coordinate system (x,y, z) is: In this example, there is no

control input.

Tn

p ) Don’t confuse the estimated state vector &, (bold-face font) and the estimated
airplane position at x - axis denoted by #,, (normal-face font). Both variables

are denoted by the same letter in the literature, and I am trying to be consistent.

The state transition matrix F' is:

100 At 0 0 05A22 0 0

010 0 At 0 0 05A2 0

001 0 0 At 0 0 0.5Af

000 1 0 0 At 0 0

F=(000 0 1 0 0 At 0 (8.4)

000 0 0 1 0 0 At

000 0 0 0 1 0

000 0 0 0 0 1

000 0 0 0 0 0 |

The state extrapolation equation is:
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[#pi1in| [1 00 At 0O 0 05A2 0 0 | [#nn)
Yn+1n 010 0 At 0 0  05A# 0 .
Sniin 001 0 0 At 0 0 0.5A2%| | %
Tniin 000 1 0 0 At 0 0 Tom
Jniin| =1000 0 1 0 0 At 0 | |gnnl (85
niin 000 0 0 1 0 0 At nm
Tniin 000 0 0 0 1 0 Zm
Gt 000 0 0 0 0 1 .
Zoan] 000 0O 0 0 0 0 IRET

The matrix multiplication results:

( ~ ~
A oA . 1 . 2
xn+1,n - xn,n + xn,nAt + §xn,nAt

gn-&-l,n = gn,n + ?;n,nAt + %:&n,nAtQ

én—l-l,n - én,n + gn,nAt + %gn,nAtQ

*%n+1,n = fEn,n + :i'n,nAt

i&n-&-l,n = :&n,n + ?jn,nAt (86)
%n+1,n = én,n + f%n,nAt

-%n—&-l,n = '%n,n

i&n-&-l,n = :&n,n

A~

Zn+l,n = Znn

Example - airplane - with control input

This example is similar to the previous example, but now we have a sensor con-
nected to the pilot’s controls, so we have additional information about the airplane

acceleration based on the pilot’s commands.

The state vector &,, that describes the estimated airplane position and velocity in a

cartesian coordinate system (z,y, z) is:
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(8.7)

The control vector u,, that describes the measured airplane acceleration in a cartesian

coordinate system (x,y, z) is:

The state transition matrix F' is:

0
0
1
0
0
0

o O O o O =
o O O O = O

At 0
0 At
0 0
1 0
0 1
0 0

The control matrix G is:

[0.5A12
0

0
At

0
0.5A¢2
0
0
At
0

0
0
At

0
0
0.5A¢?
0
0
At

The state extrapolation equation is:

Lp+in = an,n + Gun,n

(8.9)

(8.10)

(8.11)
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(Gnin] (100 At 0 0] [2..] [05422 0 0 |
Unt1.n 010 0 At 0] |jun 0  05A2 0 )
| (001 0 0 At |z, 0 0 o0s5A2| |
Feonl 0000 1 0 Fnn At 0 o | "
Ginl 0000 0 1 G At o | L™
ntin 000 0 0 Gn| | 0 At
- (8.12)

8.1.3 Example - falling object

Consider a free-falling object. The state vector includes the altitude h and the

object’s velocity h:

The state transition matrix F' is:

1 At
0 1

The control matrix G is:

0.5At?
At

The input variable wu,, is:

-]

Where g is the gravitational acceleration.

(8.13)

(8.14)

(8.15)

(8.16)

We don’t have a sensor that measures acceleration, but we know that for a falling

object, acceleration equals g.
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The state extrapolation equation looks as follows:
Ps1 h
?n ,n _ fnﬂl +
hn+1,n hn,n

The matrix multiplication results in the following:

0.5A%?
At

1 At

01 [g} (8.17)

ﬁn,nAt + 0.5At%g

n,n +
- (8.18)
P + Atg

~

Well, that was easy to describe a dynamic model for an airplane or falling Object. I
suppose that you are familiar with Newton’s motion equations from high school. Ap-
pendix C (“Modeling linear dynamic systems”) generalizes dynamic model derivation

for any linear dynamic system.

State extrapolation equation dimensions

The following table specifies the matrix dimensions of the state extrapolation equation

variables:
Variable  Description Dimension
T state vector ng X 1
F state transition matrix Ngy X Ny
u input variable Ny X 1
G control matrix Ng X Ny
w process noise vector ng X 1

Table 8.1: Matriz dimensions of the state extrapolation equation.

Linear time-invariant systems

The Linear Kalman Filter assumes the Linear Time-Invariant (LTI) system model.
So, what is “linear,” and what is “time-invariant”?

Linear systems are described by systems of equations in which the variables are
never multiplied with each other but only with constants and then summed up.

Linear systems are used to describe both static and dynamic relationships between



8.1 State Extrapolation Equation 159

variables.

A linear system is a system whose output function y() satisfies the following equation:

y(t) = Flax g(t) +bx h(t) =ax F(g(t)) +bx F(h(t)) (8.19)

Where:

a and b are constant real numbers

g and h are any arbitrary functions of an independent variable ¢

A linear system follows two basic rules:

1. You can “factor out” constant multiplicative scale factors (the a and b above).
2. The system’s response to a sum of inputs is the sum of the responses to each

input separately.

A time-invariant system has a system function that is not a direct function of

time.

Let’s take an amplifier with gain G = 10 as an example.

x(t) y(t)

Figure 8.4: Amplifier.

This system is time-invariant. Although the system’s output changes with time, the

system function is not time-dependent.

A time-invariant system is one where a time delay (or shift) in the input sequence

causes an equivalent time delay in the system’s output sequence.
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Covariance Extrapolation Equation

I assume the reader is already familiar with the concept of covariance extrapolation
(prediction). We've already met the Covariance Extrapolation Equation (or
Predictor Covariance Equation) in Part I. In this section, we derive the Kalman

Filter Covariance Extrapolation Equation in matrix notation.

The general form of the Covariance Extrapolation Equation is given by:

Covariance Extrapolation Equation
P..,=FP,,F'+Q (8.20)

Where:
P,, is the squared uncertainty of an estimate (covariance matrix) of the

current state

P, ., is the squared uncertainty of a prediction (covariance matrix) for
the next state

F is the state transition matrix that we derived in Appendix C
(“Modeling linear dynamic systems”)

Q is the process noise matrix

The estimate covariance without process noise

Let’s assume that the process noise is equal to zero (Q = 0), then:
P,,,=FP,,F" (8.21)

The derivation is relatively straightforward. I've shown in chapter 7 - “Essential
background II,” that:

Cov(@) = B (@ — o) (= 1a)") (8.22)

Where vector x is a system state vector.

Therefore:

Pn,n =F <(3A3n,n - ll':cn,n) (jn,n - Nmn,n)T> (823)
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Therefore:
. . T
Pn+1,n =F <(wn+17n - H$n+1,n) (CC,HL” - l"’xn+1,n) ) (824)
According to the state extrapolation equation (Equation 8.1):
Tniin = F&p, + Gy, (8.25)
P, = E((F:f;n,n + Gty — Fli,, — Giin,)
. (8.26)
< (Fipp + Gitny — Fii, , — Gitn) )
Proin = B (F (&0 = o) (F (#0n — 12,.))") (8.27)
Apply the matrix transpose property: (AB)?T = BT AT
Proin = B (F (&0 = ,,) (#n — tte,,) ') (8.28)
Pritn = FE ((#nn — tann) (Bnn — Han,) ) F* (8.29)
P,,,=FpP,,F" (8.30)
8.2.2 Constructing the process noise matrix @
As you already know, the system dynamics is described by:
Tniin = F&p ., + Gy, + w, (8.31)

Where w,, is the process noise at the time step n.

We've discussed the process noise and its influence on the Kalman Filter performance

in the “One-dimensional Kalman Filter” section. In the one-dimensional Kalman

Filter, the process noise variance is denoted by q.

In the multidimensional case, the process noise is a covariance matrix denoted by Q.
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We’ve seen that the process noise variance has a critical influence on the Kalman
Filter performance. Too small ¢ causes a lag error (see section 5.3 - Example 7). If
the ¢ value is too high, the Kalman Filter follows the measurements (see section 5.4 -

Example 8) and produces noisy estimations.

The process noise can be independent between different state variables. In this case,

the process noise covariance matrix @ is a diagonal matrix:

Q11 0 e 0
0 o0
Q= (8.32)

The process noise can also be dependent. For example, the constant velocity model

2

assumes zero acceleration (a = 0). However, a random variance in acceleration o

causes a variance in velocity and position. In this case, the process noise is correlated

with the state variables.

There are two models for the environmental process noise.

e Discrete noise model

e Continuous noise model

Discrete noise model

The discrete noise model assumes that the noise is different at each period but is

constant between periods.

Wy

Figure 8.5: Discrete Noise.
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For the constant velocity model, the process noise covariance matrix looks like the

following:

B V(z) COV(z,v)
Q= COV(v,z)  V(v) (8.33)

We express the position and velocity variance and covariance in terms of the random

acceleration variance of the model: 2.

We derived the matrix elements using the expectation arithmetic rules in chapter 7 -

“Essential background II.”

V() = 02 = B (0?) - i2 = E (aA1)?) — (A1)?

8.34
_ AR (B(a) - i) = A2 &30
1 2
Vi) =02=FE@?*) —pu2=F (5 aAt2> — (— ,uaAt2>
(8.35)
At! o ) Att )
-4 (a)_lua)_TOa

COV(z,v) = COV(v,x) = E (2v) — pigfby

1 1 At? A (8.36)
=F 5 aAtQ(lAt — 5 MaAtQ[LaAt = 7<E (CL2> — /1,2) = T O,

V)

Now we can substitute the results into @ matrix:

Attt A
4 2
Q=o, (8.37)
At?
— At?
2

There are two methods for a faster construction of the @ matrix.

Projection using the state transition matrix

If the dynamic model doesn’t include a control input, we can project the random

variance in acceleration o2 on our dynamic model using the state transition matrix.
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Let us define a matrix Q,:

000
Q.=10 0 0o (8.38)
0 01
The process noise matrix is:
Q=FQ.F" (8.39)
For the motion model, the F' matrix is given by:
[ At?]
1 At —
2
0 O 1
Q=FQ,F" (8.41)
[ Al fo o o] [1 o0 0
1 At —
2
B At 1 0| o2
Q=1o 1 At||000 T4 (8.42)
At?
0 O 1 0 01 TN At 1
[ Azl 1 0 0]
00 —
2
At 1 0
At?
00 1 — At 1
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NN N
4 2 2
At3
Q= —- A At o (8.44)
At?
— At 1
| 2 |

Projection using the control matrix

If the dynamic model includes a control input, we can compute the @ matrix even

2

faster. We can project the random variance in acceleration o,

on our dynamic model

using the control matrix.
Q = Go’GT (8.45)

Where G is the control matrix (or input transition matrix).

For the motion model, the G matrix is given by:

At?
G=| 2 (8.46)
At
A2 Attt A
— 2 4 2
Q= Go2GT — ?GGT — o? | 2 {A_’f At] _ o2 (8.47)
A 2 At?
: 5 A

You can use the above methods to construct the discrete Q matrix.
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8.2.2.2 Continuous noise model

The continuous model assumes that the noise changes continuously over time.

Figure 8.6: Continuous Noise.

To derive the process noise covariance matrix for the continuous model Q., we need

to integrate the discrete process noise covariance matrix Q over time.

3 At® At
At S V) 20 8
Q.= Qdt = / o dt = o (8.48)
0 0 t? Att AL
— 42 -
2 8 3

8.2.2.3 Which model to choose?

Before answering this question, you need to select the right value for the process
noise variance. You can calculate it using the stochastic statistics formulas or choose

a reasonable value based on your engineering practice (which is preferable).

In the radar world, the o2 depends on the target characteristics and model com-
pleteness. For maneuvering targets, like airplanes, the o2 should be relatively high.
For non-maneuvering targets, like rockets, you can use smaller ¢2. The model
completeness is also a factor in selecting the process noise variance. If your model
includes environmental influences like air drag, then the degree of the process noise

randomness is smaller and vice versa.
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Once you've selected a reasonable process noise variance value, you should choose

the noise model. Should it be discrete or continuous?

There is no clear answer to this question. I recommend trying both models and
checking which one performs better with your Kalman Filter. When At is very
small, you can use the discrete noise model. When At is high, it is better to use the

continuous noise model.

Measurement equation

Until now, we’ve dealt with the future. We’ve derived two Kalman Filter prediction
equations:
e State Extrapolation Equation

e Covariance Extrapolation Equation

From now on, we are going to deal with the present. Let’s start with the Measurement

Equation.
In the “One-dimensional Kalman Filter” section, we denoted the measurement by z,.

The measurement value represents a true system state in addition to the random

measurement noise v,, caused by the measurement device.

The measurement noise variance r, can be constant for each measurement - for
example, scales with a precision of 0.5kg (standard deviation). On the other hand, the
measurement noise variance r,, can be different for each measurement - for example,
a thermometer with a precision of 0.5% (standard deviation). In the latter case, the

noise variance depends on the measured temperature.

The generalized measurement equation in matrix form is given by:
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Measurement Equation
z, = Hx, + v, (8.49)

Where:

z, Is a measurement vector
@, is a true system state (hidden state)
v, 1s a random noise vector

H is an observation matrix

The observation matrix

In many cases, the measured value is not the desired system state. For example, a
digital electric thermometer measures an electric current, while the system state is
the temperature. There is a need for a transformation of the system state (input) to

the measurement (output).

The purpose of the observation matrix H is to convert the system state into outputs
using linear transformations. The following chapters include examples of observation

matrix usage.

Scaling

A range meter sends a signal toward a destination and receives a reflected echo. The
measurement is the time delay between the transmission and reception of the signal.

The system state is the range.

In this case, we need to perform a scaling:

Z, = F T, + v, (8.50)
H = H (8.51)

Where:
¢ is the speed of light

x, 1is the range

z, is the measured time delay
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State selection

Sometimes certain states are measured while others are not. For example, the first,
third, and fifth states of a five-dimensional state vector are measurable, while the

second and fourth states are not measurable:

T1
1 0 0 0 0 |2 T
zon=Hz,+v,=1(0 01 0 0| |z3] +v,= |23| + v, (8.52)
0 0 0 0 1] x4 Ts
[ 75 ]

Combination of states

Sometimes some combination of states can be measured instead of each separate
state. For example, maybe the lengths of the sides of a triangle are the states, and

only the total perimeter can be measured:

T1
zn:H:cn—Fvn:[l 1 1] To| +v, = (21 + 22+ 23) + 0, (8.53)

Zs3

Measurement equation dimensions

The following table specifies the matrix dimensions of the measurement equation

variables:
Variable  Description Dimension
T state vector ng X 1
z measurements vector n, X1
H observation matrix Ny X Ny
v measurement noise vector n, X1

Table 8.2: Matriz dimensions of the measurement equation variables.
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Interim Summary

It is a good place to stop for a short summary. Before going further, I would like to

summarize what we have learned so far.

As you remember from Part I (if you don’t remember, please review it again), the

Kalman Filter computations are based on five equations.
Two prediction equations:

e State Extrapolation Equation - predicting or estimating the future state based

on the known present estimation.

e Covariance Extrapolation Equation - the measure of uncertainty in our predic-

tion.
Two update equations:

e State Update Equation - estimating the current state based on the known past

estimation and present measurement.

e Covariance Update Equation - the measure of uncertainty in our estimation.

Kalman Gain Equation - required for computation of the update equations. The

Kalman Gain is a “weighting” parameter for the measurement and the past estimations.
It defines the weight of the past estimation and the weight of the measurement in

estimating the current state.

So far, we have learned the two prediction equations in matrix notation and several

auxiliary equations required for computing the main equations.
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Prediction equations

State Extrapolation Equation

The general form of the state extrapolation equation in a matrix notation is:

State Extrapolation Equation
Tni1n = F&p, + Gu, +w, (8.54)

Where:

Z,41,. 1S a predicted system state vector at time step n + 1

ZL,, Is an estimated system state vector at time step n

U, is a control variable or input variable - a measurable (deterministic)
input to the system

w, is a process noise or disturbance - an unmeasurable input that
affects the state

F is a state transition matrix

G is a control matrix or input transition matrix (mapping control to

state variables)

8.4.1.2 Covariance Extrapolation Equation

The general form of the Covariance Extrapolation Equation is given by:

Covariance Extrapolation Equation
P,,,=FP,,F' +Q (8.55)

Where:

P, , the covariance matrix of the current state estimation

P, ., is the covariance matrix of the next state estimation (prediction)

F is the state transition matrix that we derived in Appendix C
(“Modeling linear dynamic systems”)

Q is the process noise matrix
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Auxiliary equations
Measurement Equation

The generalized measurement equation in matrix form is given by:

Measurement Equation
z, = Hzx, + v, (8.56)

Where:

z, 1s a measurement vector
x, is a true system state (hidden state)
v, 1s a random noise vector

H is an observation matrix

8.4.2.2 Covariance Equations

The terms w and v, which correspond to the process and measurement noise, do not

typically appear directly in the calculations since they are unknown.

Instead, these terms are used to model the uncertainty (or noise) in the equations

themselves.

All covariance equations are covariance matrices in the form of:
E (eeT) (8.57)

i.e., an expectation of a squared error. See chapter 7 (“Essential background I1") for

more details.

Measurement uncertainty

The measurement covariance is given by:
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Measurement Uncertainty
R, = E (v,v;) (8.58)

Where:

R,, is the covariance matrix of the measurement

v,, 1s the measurement error

Process noise uncertainty

The process noise covariance is given by:

Process Noise Uncertainty
Qn = E (waw)) (8.59)

Where:

Q,, is the covariance matrix of the process noise

w,, is the process noise

Estimation uncertainty

The estimation covariance is given by:

Estimation Uncertainty

P,,=E(eel)=E <(:cn — &) (@0 — :e,w)T) (8.60)

n

Where:

P, ,, is the covariance matrix of the estimation error
e, is the estimation error
@, is the true system state (hidden state)

Z,, is the estimated system state vector at time step n
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State Update Equation

This section is the shortest section of this book. I've provided an extensive description
of the State Update Equation in Part I.

The State Update Equation in the matrix form is given by:

Where:

Estimation Uncertainty

in,n - in,n—l + Kn(zn - Hi}n,n—l) (861)

Z,, is an estimated system state vector at time step n
L, n—1 1S a predicted system state vector at time step n — 1
K, is a Kalman Gain

Zn is a measurement

H 1s an observation matrix

You should be familiar with all components of the State Update Equation except

the Kalman Gain in a matrix notation. We derive the Kalman Gain in section 8.7.

You should pay attention to the dimensions. If, for instance, the state vector has 5

dimensions, while only 3 dimensions are measurable (the first, third, and fifth states):

T
T2
Ty = | T3

Ty

21
Zn = |23 (862)

Z5

| 5 |

The observation matrix would be a 3 x 5 matrix:

T
Il
o O =

0000
0100 (8.63)
0001
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The innovation (z, — H&,,,_1) yields:

.
2 1 00 0 0] |2 (z1 — 1)
(2o —H&pp1)= |z3| — |0 0 1 0 0| |&5| = | (23 — a3) (8.64)
25 0 00 0 1] |24 (z5 — T3
| Zs |

The Kalman Gain dimensions shall be 5 x 3.

8.5.1 State Update Equation dimensions

The following table specifies the matrix dimensions of the State Update Equation

variables:
Variable  Description Dimension
x state vector ng X 1
z measurements vector n, X1
H observation matrix N, X Ny
K Kalman gain Ny X N,

Table 8.3: Matriz dimensions of the state update equation variables.



8.6

8.6.1

176 Chapter 8. Kalman Filter Equations Derivation

Covariance Update Equation

The Covariance Update Equation is given by:

Covariance Update Equation
P,=(I-K,H)P,, ,I-K,H)" +K,R,K" (8.65)

Where:

P, , is the covariance matrix of the current state estimation

P, ,_, is the prior estimate covariance matrix of the current state
(predicted at the previous state)

K, is a Kalman Gain

H is the observation matrix

R, is the measurement noise covariance matrix

1 is an Identity Matrix (the n X n square matrix with ones on the

main diagonal and zeros elsewhere)

Covariance Update Equation Derivation

This section includes the Covariance Update Equation derivation. Some of you may
find it too detailed, but on the other hand, it will help others to understand better.

You can jump to the next section if you don’t care about the derivation.

For the derivation, I use the following four equations:

Equation Notes
1 &pp=2Tuna+ Ky(z,— HZpp1) State Update Equation
2 z,=Hx, +v, Measurement Equation

P., = E (e,el)

) n

3 Estimate Covariance
=F ((mn - jn,n) (mn - d}n,n>T)

4 R,=F (vnvg ) Measurement Covariance

Table 8.4: Equations for the Covariance Update Equation derivation.
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We derive the Current Estimate Covariance (P, ,) as a function of the Kalman Gain

K,.
Table 8.5: Covariance Update Equation derivation.
Equation Notes
Tpn=Tpn-1+ Ky(zn— HETpp1) State Update Equation

Plug the Measurement Equation

Trn = Lnn_ K, (H —Hz, ,— } )
Znn = Enn1 + Kn(Hap + v Znn-1) into the State Update Equation

€p = Tp — Lnn Estimate error

en=xp — Tpn — Kyp(Hxy +v, — HEpp 1) Plug &, p

=z, — Zppn — KyHx, - Kyv, + K,H%,, 1 Expand

=T, — Tpp1 — K, H(xp — Trpa1) — Kpv, Localize (xp, — &pn-1)

= (I - KnH)(wn - jn,n—l) - Knvn

P,,=FE(e,el)=F ((mn — Zp) (T — :f:n,n)T) Estimate Covariance

Plug e,

Expand

Continued on next page
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Table 8.5: Covariance Update Equation derivation. (Continued)

P, = E(((I — Ko H) (T — #np 1) — Knvy)

(Knvn)T)>

X ((®n — &pp-1)" (I — K,H)T —

Apply the matrix transpose
property: (AB)T = BT AT

P, = E((I — K H) (%0 — &#npt)
x(Tn — Zpn-1)T (I — K, H)T

—(I - Ky H)(xp, — 25 -1)(Kpvn) T
—K,v(Tn — Zpn-1)T (I — K, H)T
—i—Knvn(Knvn)T)

Expand

P, = E((I — K H)(z) — &)

% (@ = B 1) (T = KnH>T)
~E((I = Ko H) (@, — #n0-1)(Kqv)T)

—E(Kyon(@n — 1) (1~ K, H)T)

(K v (Kpvy) T)

Apply the rule
E(XtY)=EX)LE®Y)

E ((I — K H) (xp — &pn1) (Kn'vn)T> —0

E (Knvn (mn - inmfl)T (I - KnH)T> =0

(Ty, — &y pn—1) is the error of the
prior estimate. It is uncorrelated
with the current measurement
noise v,. The expectation value
of the product of two uncorrelated
variables is zero.

P, = E((I — Ko H) (% — &pt)
(@ — Bn) (I — KnH)T)
+F (Knvn'ngg)

Apply the matrix transpose
property: (AB)T = BT AT

Pon=(- KnH)E((:rn R
(2 — aen,n_l)T) I - K, H)"
+K, E(vn )KT

Apply the rule E(aX) = aE(X)

Continued on next page
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Table 8.5: Covariance Update Equation derivation. (Continued)

- - T\ _ P, ,,—1 is the prior estimate
E ((3371, - 3371,.,7L—1) (3}” - w'n,,'n,—l) ) — RL,n—l n,n .1 p
covariance
FE (’Un'vg ) =R, R,, is the measurement covariance

Po,=I-K,H)P,, (I -K,H)"

Covariance Update Equation!
+K,R,K!

The Kalman Gain

The final equation is the Kalman Gain Equation. The Kalman Gain in matrix

notation is given by:

Kalman Gain
K,-P,, H (HP,, \H" +R,)" (8.66)

Where:

K, is the Kalman Gain

P, ,,_, is the prior estimate covariance matrix of the current state
(predicted at the previous step)

H is the observation matrix

R, is the measurement noise covariance matrix

Kalman Gain Equation Derivation

This chapter includes the derivation of the Kalman Gain Equation. You can jump

to the next section if you don’t care about the derivation.

First, let’s rearrange the Covariance Update Equation:
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Equation Notes

P,,=I-K,H)P,, (I—- KnH)T—l—KanKg Covariance Update Equation

P,,=(I-K,H)P,, (I - (KnH)T) +K,R,KT I"=1

Apply the matrix transpose

P,=I1-KH)P,, (I -H'K')+K,R,K"
= ) Puna ») " property: (AB)T = BT AT

Pn,n = (Pn,nfl - KTLHPH,Hfl) (I - HTKZ:)

+K,R, K"

Pn,n - Pn,n—l - Pn,n—lHTKg - KnHPn,n—l
Expand

+KTLHPIL,TL71HTKZ + KILRTLK;];

Pn,n - Pn,n—l - Pn,n—lHTKg; - KnHPn,n—l
Group the last two terms

+Kn (HPTL,TL—IHT + Rn) KZ;

Table 8.6: Covariance Update Equation rearrange.

The Kalman Filter is an optimal filter. Thus, we seek a Kalman Gain that

minimizes the estimate variance.

To minimize the estimate variance, we need to minimize the main diagonal (from

the upper left to the lower right) of the covariance matrix P, ,,.

The sum of the main diagonal of the square matrix is the trace of the matrix. Thus,
we need to minimize ¢r(P, ). To find the conditions required to produce a minimum,

we differentiate the trace of P, , with respect to K,, and set the result to zero.
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Equation Notes

tr (Ppn) =tr (Py,—1)

o , ; Trace of the Covariance Update

—tr <-P/1.1/7IH1K,1,> 77L"(K/1HP//.117|) .
' Equation

+ir(K, (HP,, \H' + R,) K})

tr (Poy) = tr (Poy_1) — 201 (K, H P, ) The trace of the matrix is equal to the

trace of its transpose (the same main
+ir (K, (HP,, \H" + R,) K})

diagonal)
d(tr (P,.n) ) d(tT’ (Pon-1) )
iK, K,
d(%?“ (K.HP,, 1) ) Differentiate the trace of P, , with
B dK,, respect to K,
d <tr (Kn (HP,,  HT + R,) K,f))
+ K. =0
d(n- (AB)) — B”
d(tr (P.) ) . dA
~ " _0—2(HP,, 1) d
dK, ’ — Ty —
—(tr(aBA") ) = 24B

+2K, (HPn,n,lHT + Rn) =0
See the proof in Appendix D

(HPIL,TLfl)T:K'IL (H-Pn,n—lHT + Rn)

1

K,=(HP,, ) (HP,,..H"+R,)”

Apply the matrix transpose property:

K, = PT
(AB)T = BT AT

n,n—1

HT (HP,, \H" +R,)"

- The C i trix i
K,=P,, HT (HPn,n—lHT n Rn) 1 e Covariance matrix is a

symmetric matrix: PT, | = P,,

Table 8.7: Kalman Gain Equation Derivation.
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Simplified Covariance Update Equation

In many textbooks, you can find a simplified form of the Covariance Update Equation:

P,,=(I-K,H)P,,_, (8.67)

To derive a simplified form of the Covariance Update Equation, plug the Kalman
Gain Equation into the Covariance Update Equation.

Equation Notes

P,,=P,, 11— Pn,nleTKg - K,HP,, Covariance Update Equation

‘K, (HP,, \HT + R,) KT after expansion (see section 8.6)

Pn,n = Pn,nfl - Pn,nleTKg - KnHPn,nfl

. Substitute the Kalman Gain
+Pn,n71HT (HPn,nleT + Rn)

Equation
< (HP,, HT + R,) KT
Pn,n = Pn,nfl - Pn,nfl-HTKg - KnHPn,nfl (HPn,nleT + Rn)_l X
+P,, H'K" x (HP,, \HT + R,) =1

Pn,n = I'nn-1— KnHPn,nfl

Pn,n = (I - KnH) Pn,nfl

Table 8.8: Equations for the Covariance Update Equation derivation.

R) Warning! This equation is much more elegant and easier to remember and it
performs well in many cases. However, a minor error in computing the
Kalman Gain (due to round-off) can lead to huge computation errors.
The subtraction (I — K, H) can lead to nonsymmetric matrices due

to floating-point errors. This equation is numerically unstable!

For more details, see [17].
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Summary

We have derived all five Kalman Filter equations in matrix notation. Let us put
them all together on a single page. The Kalman Filter operates in a “predict-correct”

loop, as shown in the diagram below.

)

Time Update Measurement Update
(“Predict”) (“Correct”)

U/

Figure 8.7: Predict-Update Diagram.

Once initialized, the Kalman Filter predicts the system state at the next step. It

also provides the uncertainty of the prediction.

Once the measurement is received, the Kalman Filter updates (or corrects) the
prediction and the uncertainty of the current state. As well the Kalman Filter
predicts the following states, and so on. The following diagram provides a complete

picture of the Kalman Filter operation.

N

Measurement Update (“Correct”)

Time Update (“Predict”)

1. Compute the Kalman Gain

1. Extrapolate the state Ky= Poy H' (HP,, H" + Rn)_l

X 1n — Fx + Gu ) B
ek e " 2. Update estimate with measurement

2. Extrapolate uncertainty Rpn = Xpno1 + Ky(2, — HR;,pp 1)
Pn+1,n = FPn,nFT +Q

3. Update the estimate uncertainty
Pun =0 — KnH)Ppp (I — KnH)" + KRy K},

Initial Estimate: X , PO_OU

Figure 8.8: The Kalman Filter Diagram.
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The following table describes all Kalman Filter Equations.

Alternative names

Equation Name . .
in the literature
Predictor Equation
Transition Equation
. . State o )
Tpiip = FEp, + Gu, Ext Lt Prediction Equation
i xtrapolation
Predict P Dynamic Model
State Space Model
Covariance Predictor Covariance
Pn+1,n:FPn,nFT+Q . .
Extrapolation Equation
in n — a?:n n—1+ Kn . . .
' o ! State Update Filtering Equation
X(2p — H&pp-1)
Update
P P,,=I-K,H)P,, Covariance .
T . Corrector Equation
x(I-K,H) +K,R,K, Update
K,=P,, H"
ot 1 Kalman Gain  Weight Equation
x (HP,, .H" + R,)
Measurement
z,=Hux, .
Equation
Al T Measurement
uxiiary R = F (vnvn) ] Measurement Error
Covariance

Q, = E (w,w}))

Process Noise

Covariance

Process Noise Error

P,,=E (e,el)

Estimation

=F ((mn - j’n,n) (¢, — @nn)T> Covariance

Estimation Error

Table 8.9: Kalman Filter equations.

The following table summarizes notation (including differences found in the literature)

and dimensions.



8.9 Summary 185

Term  Name Alternative Dimensions
term

x State Vector ng X 1
z Measurements Vector ] n, x 1
F State Transition Matrix P, A Ng X Ny
u Input Variable Ny X 1
G Control Matrix B Ny X Ny
P Estimate Covariance b Ng X Ny
Q Process Noise Covariance Ng X Ny
R Measurement Covariance Ny X N,
w Process Noise Vector ] Nng X 1
v Measurement Noise Vector n, X1
H Observation Matrix C N, X Ny
K Kalman Gain Ny X Ny
n Discrete-Time Index k

Table 8.10: Kalman Filter notation.

Dimensions notation:
e N, 1s a number of states in a state vector
e 1, is a number of measured states

e 1, is a number of elements of the input variable
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9.1.1

9. Multivariate KF Examples

It is the final part of the Multivariate Kalman Filter chapter. It includes two
numerical examples. In the first example, we design a six-dimensional Kalman Filter
without control input. In the second example, we design a two-dimensional Kalman

Filter with a control input.

Example 9 - vehicle location estimation

In the following example, we implement the Multivariate Kalman Filter using the

material we’ve learned.

Figure 9.1: Vehicle location estimation.

In this example, we estimate the vehicle’s location on the XY plane. The vehicle
has an onboard location sensor that reports X and Y coordinates of the system. We

assume constant acceleration dynamics.

Kalman Filter equations

The state extrapolation equation

First, we derive the state extrapolation equation. As you remember, the general

form of the state extrapolation equation in matrix notation is:

Toi1n = F&, + Gu, +w, (9.1)
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Where:
Tn41, is a predicted system state vector at time step n + 1

Z,, s an estimated system state vector at time step n
U, is a control variable or input variable - a measurable

(deterministic) input to the system

w, is a process noise or disturbance - an unmeasurable input that affects
the state

F is a state transition matrix

G is a control matrix or input transition matrix (mapping control to

state variables)

In this example, there is no control variable w since there is no control input.

For this example, the state extrapolation equation can be simplified to:
ﬁgn-{—l,n = Fi}n,n (92)

The system state x,, is defined by:

Tn
n
In
Yn
Yn
Yn

The extrapolated vehicle state for time n + 1 can be described by the following

system of equations:

( ~ ~
A A . 1 o 2
Tn4+1n = Tnn + xn,nAt + an,nAt
Tn4+1n = Tnn + xn,nAt

Tn4+1n = Tnn

. A (9.4)
gn—&—l,n - @n,n + yn,nAt + %yn,nAtz

:’-}n+1,n = Z}n,n + :&n,nAt

Kyn—&—l,n = UYnn
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In matrix form:

Tntin 1 At 05At2 0 0 0 Tpon
Tniin 01 At 0 0 0 -
Fotin| |00 1 0 0 0 T 95)
Jnt1n 0 0 0 1 At 0.5A2%] | Gun '
Unt1m 00 0 0 1 At | |Ym
Unt1m 0 0 0 0 0 1 .
The covariance exirapolation equation
The general form of the Covariance Extrapolation Equation is given by:
P,,,=FP,,F' +Q (9.6)
Where:
P,, is the covariance matrix of the current state estimation
P, ., is the covariance matrix of the next state estimation (prediction)
F is the state transition matrix that we derived in Appendix C
(“Modeling linear dynamic systems”)
Q is the process noise matrix
The estimate covariance matrix is:
Pz DPzi DPazz pa:y pxy pa;g'j
Pix DPi DPii DPiy DPiy Piy
P— Piz Pi:z Pi Piy Piy Piy (9.7)

Pyz  Pyz Pyi Py Pyy Pyi
Pyxz Pyz Pyi DPyy Py Pyy
Dijz  Diz  Pii  Piy  Piyg P

The elements on the main diagonal of the matrix are the variances of the estimation:

e p, is the variance of the X coordinate position estimation
e p; is the variance of the X coordinate velocity estimation
e p; is the variance of the X coordinate acceleration estimation
e p, is the variance of the Y coordinate position estimation
e py is the variance of the Y coordinate velocity estimation
e pj; is the variance of the Y coordinate acceleration estimation

The off-diagonal entries are covariances
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We assume that the estimation errors in X and Y axes are not correlated so that

the mutual terms can be set to zero.

Pz
Pix
Diz

0
0
0

Pzi
Pi
Pig
0
0
0

Pz 0 0

piz 0 0

p: 0 0
0 py Py
0 Pay Py
0 Py iy

0
0
0

Dy
Py
Dy |

(9.8)

We have already derived the state transition matrix F'. Now we shall derive the

process noise ) matrix.

The process noise matrix

We assume a discrete noise model - the noise is different at each time sample but is

constant between time samples.

The process noise matrix for the two-dimensional constant acceleration model looks

as follows:
o
O%a
o |
= sz
o7,

YT

yx
2

9 9 9

We assume that the

mutual terms can be

1
S
] 8] N

Q. 9
N KN

Q
I

o O O

q .9
80

B:N0

Q
2

o O O

O Osy 0oy
O Oiy Oiy
of of, o
g Oy Oy
o, o2 o2

(9.9)

process noise in X and Y axes is not correlated so that the

set to zero.
o2 0 0
o2, 0 0
oz 0 0
0 oy oy
0 U;y 05
0 agy Ugy

@-qwgéw o O O

<

g

(S V)

(9.10)

We've already derived the @ matrix for the constant acceleration motion model

(Equation 8.44). The Q matrix for our example is:
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Where:

(At A3 A2

4 2 2

At3 )

— At At
2

At?

— At 1
2
0 0 0
0 0 0
0 0 0

0 0 0
0 0 0
0 0 0

Attt A A2
4 2 2

At3

— A2 At
2

At?

— At 1
2 i

o2 (9.11)

e At is the time between successive measurements

e 02 is a random variance in acceleration

Now we can write down the covariance extrapolation equation for our example:

Pn+1,n:FPn,nFT+Q

(9.12)
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Prniin  Prini1n Pripiin
Pizpi1n  Pingy1n  Pidpgin
Pivni1,n  Piinyrn  Pingin 0
0 0 0 Pyniin  Pyiniin
0 0 0 Piyniin  Pimiin
|0 0 0 DPigusrn Piiinsin
(1 At 05A22 0 0 0 |
0 1 At 0 O 0
oo 1 00 0
o0 0 1 At 05Af
0 0 0 0 1 At
oo 0 00 1 |
Py Painn Pzinn
Piznn Pinn Pidn,
% Piwnn DPiinn Dinn 0
0 0 0 Pynn  Pyinn  Pyiinn
0 0 0 Pyyun Pinn  Piijnn
| 0 0 0 Piyan Pignn  Pinn |
[AtE A3 AP |
1 5 5 0 0 0
A3
- A2 At 0 0 0
At?
- At 10 0 0 2
* NN -
0 0 0 1 5 5
At?
0 0 0 5 At At
At?
I 0 0 0 5 At 1 |

0
0
0

pyyn-‘—l,n

py:ijnJan

pgn+1,n i

1

At
0.5At?

0
0

0

0 0 0

1 0 0
At 1 0

0 0 1

0 0 At

0 0 0.5A

o O O O

At

(9.13)
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The measurement equation

The generalized measurement equation in a matrix form is given by:

z,=Hux, + v,

Where:

Zn
Ty
Un

H

The measurement provides us only X and Y coordinates of the vehicle.

1S a measurement vector
is a true system state (hidden state)
is a random noise vector

is an observation matrix

Tn,measured
So: z, =

Yn,measured
zn = Hx,

T
j;n
[xn,measured] - H xn

Yn
Yn
Un

Yn,measured

(9.14)

(9.15)

(9.16)

The dimension of z,, is 2 x 1 and the dimension of x,, is 6 x 1. Therefore the dimension
of the observation matrix H shall be 2 x 6.

1
- 00 00O
000100

(9.17)
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The measurement uncertainty
The measurement covariance matrix is:

2 2
R, = [";m "y;m] (9.18)

TYm Uym

The subscript m is for measurement uncertainty:.

Assume that the z and y measurements are uncorrelated, i.e., the error in the x

coordinate measurement doesn’t depend on the error in the y coordinate measurement.

2
R, = lagm ) ] (9.19)

Ym

In real-life applications, the measurement uncertainty can differ between measure-
ments. In many systems, the measurement uncertainty depends on the measurement
SNR, the angle between the sensor (or sensors) and target, signal frequency, and

many other parameters.

For the sake of the example simplicity, we assume a constant measurement uncertainty:

Ri=R,.R, ,=R,=R (9.20)

The Kalman Gain

The Kalman Gain in matrix notation is given by:
K,-P,, \H" (HP,, \H" +R,)” (9.21)

Where:
K, is the Kalman Gain

P, ., is the prior estimate covariance matrix of the current state (predicted
at the previous step)
H is the observation matrix

R, is the measurement noise covariance matrix
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We have already derived all the building blocks of the Kalman Gain:

K1, Kip,] [ D2nns DPrénns Prinn. O 0 0 7 [10]
szln K272n pixn,nfl pin,nfl pfbin,nfl O 0 O 0 O
Ksy, Ksp, | _ |Piva,-s Piinn Pin,y 0 0 0 00
K4,1n K4,2n 0 0 0 Pynn—1 Pyinn-1 Pyiin,n-1 01
K571n K572n 0 O O pyyn,n—l pyn,n—l py.yn,nfl 0 O
K61, Ke2,] L O 0 0 Piyun-s Pijgnn-s Pijnnsl LO O]
—p:pn,n_l px:‘ann_l px:in,n_l 0 O 0 i _1 0_
Pizp s Pinn 1 Piin, . 0 0 0 00
{1 0000 0} Pivo s Pibnus Pives 0 00 [|00O] [02 0 ]
000100 0 0 0 Py Pyins Dyinns| |01 0 o2
0 0 0 Pyyuns Pinns Piijnna| (00
0 0 0 pyyn,nfl pgyn,n—l p’!‘/‘n,n—l - _0 0_
(9.22)
The state update equation
The State Update Equation in matrix form is given by:
j’n,n = d}n,nfl + Kn(zn - H:%n,n71> (923)

Where:

Z,, Is an estimated system state vector at time step n
&, n—1is a predicted system state vector at time step n — 1
K, is a Kalman Gain

zZ, s a measurement

H  is an observation matrix

We have already defined all the building blocks of the state update equation.

The covariance update equation

The Covariance Update Equation in a matrix form is given by:
P,=I-K,HP,, ,(I-K,H)" +K,R,K" (9.24)

Where:
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P,, is the covariance matrix of the current state estimation

g

.n—1 1s the prior estimate covariance matrix of the current state (predicted

at the previous state)

K, is a Kalman Gain

H is the observation matrix

R, is the measurement noise covariance matrix

I is an Identity Matrix (the n x n square matrix with ones on the main

diagonal and zeros elsewhere)

The numerical example

Now we are ready to solve the numerical example. Let us assume a vehicle moving in
a straight line in the X direction with a constant velocity. After traveling 400 meters
the vehicle turns right, with a turning radius of 300 meters. During the turning
maneuver, the vehicle experiences acceleration due to the circular motion (angular

acceleration).

The following chart depicts the vehicle movement.

Vehicle Position

300 4

2004

100 4

Y (m)

=100 +

—200 4

=300 4

—400

T T T T T T
50 100 150 200 250 300

X (m)

Figure 9.2: Vehicle trajectory.
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The measurements period: At = 1s

The random acceleration standard deviation: o, = 0.2%3

The measurement error standard deviation: o,,, = 0,,, = 3m

The state transition matrix F' would be:

1 At 05At2 0 0 0 1 105 00 0
0 1 At 0 0 0 01 1 00 O
Fo 0 0 1 0 O 0 100 100 0
0 0 0 1 At 0.5At? 00 0 1 1 05
0 O 0 0 1 At 00 0 01 1
0 0 0 0 0 L] 00 0 00 1]
e The process noise matrix Q would be:
(At A2 A2 T [ T
T T T 00 133000
AL A2 At 00 111000
At? 1
2 At 1 0 0 =1 1 0 0 0
Q=" N oa=|2 11 1 0.2%
0 e A 00003 35 3
0 0 A% A2 At 0001111
0 0 A% At 1 00034 11
e The measurement covariance R would be:
R — oz 0 _ 9 0
0 azm 0 9

The following table contains the set of 35 noisy measurements:
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x(m) 301.5  298.23 297.83 300.42 301.94 2995 30598 301.25

y(m) -401.46 -375.44 -346.15 -320.2 -300.08 -274.12 -253.45 -226.4

9 10 11 12 13 14 15 16 17

299.73  299.2  298.62 301.84  299.6 295.3 299.3  301.95  296.3

-200.65 -171.62 -152.11 -125.19 -93.4 -74.79  -49.12 -28.73 2.99

18 19 20 21 22 23 24 25 26

295.11 29512 2899  283.51 276.42 264.22 250.25 236.66 217.47

25.65 49.86 72.87 96.34 1204  144.69 168.06 184.99  205.11

27 28 29 30 31 32 33 34 35

199.75  179.7 160 140.92  113.53  93.68 69.71 45.93 20.87

221.82 2383  253.02 267.19 270.71 285.86 288.48 2929  298.77

Table 9.1: Ezample 9 measurements.

9.1.2.1 Iteration Zero
Initialization

We don’t know the vehicle location; we set the initial position, velocity, and accelera-

tion to O.

Lo,0 =

>
o O O O O O

Since our initial state vector is a guess, we set a very high estimate uncertainty. The
high estimate uncertainty results in a high Kalman Gain by giving a high weight to

the measurement.
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(500 0 0 0 0 0]
0O 500 0 0 0 0
0 0 500 O 0 0
PO,O—
0 0 0 500 O 0
0 0 0 0 500 O
0 0 0 0 0 500
Prediction
o]
0
0
Ti1o0=Fxyy=
1,0 0,0 0
0
0
(1125 750 250 0 O 0O |
750 1000 500 0 0 0
250 500 500 0 0 0
P ,=FP  ,FT+Q =
ho 00 @ 0 0 0 1125 750 250
0 0 0 750 1000 500
0 0 0 250 500 500
First Iteration
Step 1 - Measure
The measurement values:
301.5
z] =
—401.46
Step 2 - Update
The Kalman Gain calculation:
(09921 0 ]
0.6614 0
_ 0.2205 0
K, =P H” (HP,,H" + R) ' =
1= ProH" (HPy ) 0 0.9921
0 0.6614
0 0.2205
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As you can see, the Kalman Gain for a position is 0.9921, which means that the weight
of the first measurement is significantly higher than the weight of the estimation.

The weight of the estimation is negligible.

Estimate the current state:

299.1

199.4

66.47
—398.27
—265.52
| —88.51

T11 =210+ Ki(z1 — HZ ) =

Update the current estimate uncertainty:

[8.93 5.95 2 0 0
5.95 504 334.7 0 0
2 334.74449 0 0

o O O

P,=(I-KH)P,I-KH"+KRKI=

9.1.23

0 0 0 893595 2
0 0 0 5095 504 3347
0 0 0 2 33474449
Step 3 - Predict
[ 531.75 |
9265.88
66.47
B0y = Fityq =
! T 2708.05
—354.03
—88.51
(972 1236 559 0 0 0 ]
1236 1618 780 0 0 0
550 780 445 0 0 0
P2,1=FP1,1FT+Q:
0 0 0 972 1236 559
0 0 0 1236 1618 780
0 0 0 559 780 445

Our prediction uncertainty is still very high.

Second lteration
Step 1 - Measure

The measurement values:
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298.23
Z9 =
—375.44
Step 2 - Update
The Kalman Gain calculation:
(0.9908 0 ]
1.26 0
_ 0.57 0
K,—= P, H" (HP,,H” + R) ' =
2 = Doy HY (HP, ) 0 0.9908
0 1.26
0 0.57
Estimate the current state:
[ 300.37 ]
—28.22
—66.53
Loo=To1 + Ks(zo — HI =
2,2 2.1 2( 2 2,1) —37849
64.87
| 100.93 |
Update the current estimate uncertainty:
[8.92 11.33 5.13 0 0 0 7
11.33 61.1 754 0 0 0
o B T s | 513 754 1265 0 0 0
Pop=(T—-KoH) Poy (I - KoH) + KoRKy = | 07 0 07 g09 1133 513
0 0 0 11.33 61.1 75.4
L0 0 0 5.13 75.4 126.5]
Step 3 - Predict
(204.9 254 1438 0 0 0 |
254 3385 202 0 0 0
143.8 202 126.5 0 0 0
P3,2:FP2,2FT+Q:
0 0 0 204.9 254 1438
0 0 0 254  338.5 202
0 0 0 143.8 202 126.5

Our prediction uncertainty is still very high.

At this point, it would be reasonable to jump to the last Kalman Filter iteration.
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9.1.2.4 Thirty-Fifth Iteration
Step 1 - Measure

The measurement values:

Lo | 2087
¥ 208,77
Step 2 - Update

The Kalman Gain calculation:

(05556 0
0.2222 0
0.0444 0
0 0.5556
0 0.2222
0 0.0444

Kj; = Py 3 HT (HP35,34HT + R)il =

The Kalman Gain for the position has converged to 0.56, meaning that the measure-

ment and estimation weights are almost equal.

Estimate the current state:

19.3 |
~95.99
—0.74
297.79

2.03
| —1.86 |

L3535 = L3534 K35(235 - H3335734) =

Update the current estimate uncertainty:

5 2 04 0 0 0
2 1404 0 0 0
0404016 0 0 O
Pss35 = (I — K35H) P35 34 (I — K33 H)' + K3s RKY, = 00 0 5 2 04
0O 0 0O 2 1404
0 0 0 0.40.40.16]

At this point, the position variance p, = p, = 5, which means that the standard

deviation of the estimate is v/5m.
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Step 3 - Predict

[ 7.05

~96.73

—0.74

298.89
0.17

| —1.87

36,35 — FCU35,35 =

(1125 45 09 0 0

45 24 06 0 0

09 06 02 0 0
0 0 1125 45 0.9
0 0 45 24 06
0 0 09 06 02

Py 55 = FP35,35FT +Q =

Example analysis

The following chart demonstrates the KF location and velocity estimation perfor-

mance.

The chart on the left compares the true, measured, and estimated values of the
vehicle position. Two charts on the right compare the true, measured, and estimated

values of x-axis velocity and y-axis velocity.

Vehicle Position Vehicle X-axis velocity
200 =)= True values 2007 —)— True values
—@— Measurements —e— Estimates
—&— Estimates 150 4
95% confidence ellipse
200 Covariance ellipse

100

L‘) g 1‘0 1‘5 2‘0 2‘5 3;.) 3‘5
Time (s)
i Vehicle Y-axis velocity

Y (m)

4 —— True values
—250 —e— Estimates

0 50 100 150 200 250 300 o 5 10 15 20 25 30 35
X (m) Time (s)

Figure 9.3: Ezample 9: true value, measured values and estimates.

As you can see, the Kalman Filter succeeds in tracking the vehicle.
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Let us zoom the linear part of the vehicle motion and the turning maneuver part.

Vehicle Position Vehicle Position

250

200 1

m
L
g
Y (m)

150

=150 4

100 A
=200 4

275 300 15;0 1];'5 2(I)0 22I5 250 2]"'5 3(;0
X (m) X (m)

Figure 9.4: Ezample 9: true value, measured values and estimates - zoom.

The circles on the plot represent the 95% confidence ellipse. Since the z and y axes’

measurement errors are equal, the confidence ellipse is a circle.

While the vehicle travels along a straight line, the acceleration is constant and equal
to zero. However, during the turn maneuver, the vehicle experiences acceleration

due to the circular motion - angular acceleration.

Recall from an introductory physics that angular acceleration is a = % , where At
is the time interval, AV is the velocity difference within the time interval, and R is

the circle radius.

Our Kalman Filter is designed for a constant acceleration model. Nevertheless, it

succeeds in tracking maneuvering vehicle due to a properly chosen o2 parameter.

I would like to encourage the readers to implement this example in software and see
how different values of 02 or R influence the actual Kalman Filter accuracy, Kalman

Gain convergence, and estimation uncertainty.
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Example 10 - rocket altitude estimation

In this example, we estimate the altitude of a rocket. The rocket is equipped with an
onboard altimeter that provides altitude measurements. In addition to an altimeter,

the rocket is equipped with an accelerometer that measures the rocket’s acceleration.
The accelerometer serves as a control input to the Kalman Filter.

We assume constant acceleration dynamics.

Figure 9.5: Fzample 10: rocket altitude estimation.

Accelerometers don’t sense gravity. An accelerometer at rest on a table measures 1g
upwards, while an accelerometer in free fall measures zero acceleration. Thus, we
need to subtract the gravitational acceleration constant g from each accelerometer

measurement.
The accelerometer measurement at time step n is:
a, =% —g+e (9.25)

Where:
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Z is the actual acceleration of the object (the second derivative of the
object position)
g s the gravitational acceleration constant; g = —9.8%3

¢ 1is the accelerometer measurement error

Kalman Filter equations

The state extrapolation equation

The general form of the state extrapolation equation in matrix notation is:
Tpi1n = F,, + Gu, +w, (9.26)

Where:
ZTn41, 18 a predicted system state vector at time step n + 1

Z,, Iis an estimated system state vector at time step n
U, is a control variable or input variable - a measurable
(deterministic) input to the system

w, is a process noise or disturbance - an unmeasurable input that affects

the state
F is a state transition matrix
G is a control matrix or input transition matrix (mapping control to

state variables)

In this example, we have a control variable w, which is based on the accelerometer

measurement.

The system state x,, is defined by:

x, = lm”] (9.27)

Where:
T, is the rocket altitude at time n

Zn is the rocket velocity at time n

We can express the state extrapolation equation as follows:
Trtin 1 At |ZTun
2 el = N s
Tn+1n Ln,n

0 1 (an +9) (9.28)
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In the above equation:

(1 At
F— (9.29)
0 1
[0.5A¢2
G — (9.30)
At
u, = (ap, + g) (9.31)
The covariance exirapolation equation
The general form of the Covariance Extrapolation Equation is:
P..,=FP,,F'+Q (9.32)
Where:
P,, is the covariance matrix of the current state estimation
P, , is the covariance matrix of the next state estimation (prediction)
F is the state transition matrix that we derived in Appendix C
(“Modeling linear dynamic systems”)
Q is the process noise matrix
The estimate covariance in matrix form is:
P Pz Pai (9.33)
Piz  DPi

The elements of the main diagonal of the matrix are the variances of the estimation:
e p, is the variance of the altitude estimation
e p; is the variance of the velocity estimation

e The off-diagonal entries are covariances

We have already derived the state transition matrix F'. Now we shall derive the

process noise ) matrix.

The process noise matrix

We assume a discrete noise model - the noise is different at each time sample but is

constant between time samples.
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The process noise matrix for a constant acceleration model looks like this:

T T

0;)2: ‘73;;:
Q= L? 02] (9.34)

We've already derived the (3 matrix for the constant acceleration model (subsec-

tion 8.2.2). The Q matrix for our example is:

Attt AP
4 2
Q= €2 (9.35)
At3
— A¢?
2

Where:
At  is the time between successive measurements

€2 is the random variance in accelerometer measurement

In the previous example, we used the system’s random variance in acceleration o2 as
a multiplier of the process noise matrix. But here, we have an accelerometer that
measures the system’s random acceleration. The accelerometer error v is much lower
than the system’s random acceleration; therefore, we use €? as a multiplier of the

process noise matrix.
It makes our estimation uncertainty much lower!

Now we can write down the covariance extrapolation equation for our example:

P,.,,=FP,,F' +Q (9.36)

At A
pxn+1’n pmi’n+1,n _ 1 At % pil?n,n pm-'bn,n 1 0 + T3 T 62 (937)
pixn+1,n pi?n+1,n 0 1 px‘wn,n pi‘n,n At 1 ATt At2
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p) According to the “Constructing the process noise matrix” (subsection 8.2.2),
the size of the @ matrix for constant velocity model should be 2 x 2, and the

size of the @Q matrix for constant acceleration model should be 3 x 3.

In this example, the acceleration is handled by control input (therefore, it is
not part of F' matrix, and the @ matrix is 2 x 2). Without an external control

input, the process matrix would be 3 x 3.

The measurement equation

The generalized measurement equation in matrix form is given by:
z,=Hx, + v, (9.38)

Where:
z, 18 a measurement vector
@, is a true system state (hidden state)
v, 18 a random noise vector

H is an observation matrix

The measurement provides only the altitude of the rocket:: z,, = [Ty measured]

z, = Hux, (9.39)

[xn,measured] =H [xn] (940)
Tn

The dimension of z, is 1 x 1 and the dimension of x,, is 2 x 1, so the dimension of

the observation matrix H is 1 x 2.

H=[1 (9.41)

The measurement uncertainty

The measurement covariance matrix is:
R, = [0} ] (9.42)

The subscript m means the “measurement”.
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For the sake of the example simplicity, we assume a constant measurement uncertainty:
Ri=R,..R, =R,=R (9.43)

The Kalman Gain

The Kalman Gain in matrix notation is given by:
K,=P,, \H (HP,, \H" +R,)” (9.44)

Where:
K, is the Kalman Gain

P, . is the prior estimate uncertainty (covariance) matrix of the current
state (predicted at the previous step)
H is the observation matrix

R, is the Measurement Uncertainty (measurement noise covariance matrix)

We have already derived all the building blocks of the Kalman Gain:

-1
K x 1 XLy p— 1 Ty m— XLy n—1 1
1,1, — p n,n— p n,n—1 X [1 O:| p n,n—1 p n,n + [Ugm]
KQy]-n pi'xn,n—l pin,n—l 0 p¢$n,n—l pj?n,n—l O
(9.45)
The state update equation
The State Update Equation in matrix form is given by:
in,n - ﬁgn,n—l + Kn(zn - Hé\:n,n—l) (946)

&,, is an estimated system state vector at time step n
Z,n—1 is a predicted system state vector at time step n — 1
K, is a Kalman Gain

Zn is a measurement

H is an observation matrix

We have already defined all the building blocks of the state update equation.
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The covariance update equation

The Covariance Update Equation in a matrix form is given by:
P,-(I-K,H)P,, ,(I-K,H)" +K,R,K" (9.47)

Where:

P,, is the uncertainty (covariance) matrix of the current state estimation
P, . is the prior estimate uncertainty (covariance) matrix of the current

state (predicted at the previous state)

K, is a Kalman Gain

H is the observation matrix

R, is the Measurement Uncertainty (measurement noise covariance matrix)
I is an Identity Matrix (the n X n square matrix with ones on the main

diagonal and zeros elsewhere)

The numerical example

Let us assume a vertically boosting rocket with constant acceleration. The rocket is
equipped with an altimeter that provides altitude measurements and an accelerometer

that serves as a control input.

e The measurements period: At = 0.25s

e The rocket acceleration: 7 = 3073

e The altimeter measurement error standard deviation: o, = 20m

e The accelerometer measurement error standard deviation: € = 0.1

e The state transition matrix F would be:
|1 0.25
o1
e The control matrix G would be:
~10.0313

0.25
e The process noise matrix ¢ would be:

0.25%  0.253
2 _ 4 2 2
Ta = | 0.5 0.957 0.1

2

1 At
0 1

0.5At?
At

At A
4 2

At3 2
A Ay

Q=

e The measurement uncertainty R would be:

R,=R=[0oZ | =400
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The following table contains the set of 30 noisy measurements of the altitude h,, and

acceleration a,:

1 2 3 4 5 6 7 8
h,(m)  6.43 1.3 39.43 4589  41.44 48.7 78.06  80.08
an,(m/s?) 39.81  39.67 39.81 39.84 40.05 39.85 39.78  39.65

9 10 11 12 13 14 15 16 17
61.77  75.15 110.39 127.83 158.75 156.55 213.32 229.82 262.8
39.67  39.78  39.59 3987 39.85 39.59  39.84 39.9 39.63

18 19 20 21 22 23 24 25 26
297.57 335.69 367.92 377.19 411.18 460.7 468.39 553.9 583.97
39.59  39.76  39.79  39.73  39.93 39.83 39.85 39.94 39.86

27 28 29 30

655.15  723.09

39.76  39.86

736.85 787.22

39.74  39.94

9.2.2.1 Iteration Zero

Initialization

Table 9.2: Ezample 10 measurements.

We don’t know the rocket’s location; we set the initial position and velocity to 0.

R 0
X o
7 0

We also don’t know the rocket’s acceleration, but we can assume it’s greater than

zero. Let’s assume:

’U,OZO

Since our initial state vector is a guess, we set a very high estimate uncertainty. The

high estimate uncertainty results in high Kalman Gain, giving a high weight to the
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measurement.
500 O

Po=

00 [o 500]

Prediction

Now we can predict the next state based on the initialization values.

. . 1 0.25] [0 0.0313 0
T10 = F.’B()}O + GUQ = + 0=
0 1 0 0.25 0

1 0.25] |500 O 1 0 0.25*  0.25°
v o @ [0 1 ] [ 0 500] [0.25 1] [035“ 0.252

_ |531.25 125
| 125 500

First lteration
Step 1 - Measure

The measurement values:
zZ1 = 6.43

Step 2 - Update

The Kalman Gain calculation:

1 os7
K, = P (H" (HP,(H" + R)' = [ 0 ]

Estimate the current state:

. " . 3.67
L1 =210+ Ki(z1 — HEp) = [ ]
Update the current estimate uncertainty:

2282 53.7
P,=I-KH)P,I-KH)"+KRKI=
1= ( 1H) P ( 1H) ! ! [53.7 483.2]

Step 3 - Predict

1 0.2 .67 .031 4.82
0 1 0.86 0.25 8.36
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985.2 174.5
P,,=FP, ,FF +Q =
> bt Q [174.5 483.2]

Our prediction uncertainty is still very high.

9.2.2.3 Second lteration
Step 1 - Measure

The measurement values:
Z9 = 1.3

uy = 39.67

Step 2 - Update

The Kalman Gain calculation:

o foa42
K,= P, ,H" (HP,,H" + R)” = lo 26]

Estimate the current state:

N R . 3.36
Too = Xo1 + Ko(zo — HEoy) = [ ]

Update the current estimate uncertainty:

166.5 101.9
P2,2: (I—KzH) P271 (I_KQH)TJFKQRK;I’: [ ]

101.9 438.8

Step 3 - Predict

6.16
Tzo = Fys+ Gu, = [14 93]

P372:FP2,2FT+Q:

2449 211.6
211.6 438.8

At this point, it would be reasonable to jump to the last Kalman Filter iteration.

9.2.2.4 Thirtieth Iteration
Step 1 - Measure

The measurement values:
zZ30 — 787.22
Step 2 - Update

The Kalman Gain calculation:
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1 0.12
Ky = Py H" (HPy20H" + R) =
0.02
The Kalman Gain for altitude converged to 0.12, which means that the estimation

weight is much higher than the measurement weight.

Estimate the current state:

797.07
215.7

®30,30 = ®30,20 + Kz0(z30 — HE3020) = [
Update the current estimate uncertainty:

49.3 9.7
P30 = (I — K3oH) Py a9 (I — K35H)T + K3 RKj, = [ ]

9.7 26

At this point, the altitude variance p, = 49.3, which means that the standard
deviation of the estimate is v/49.3m = 7.02m (remember that the standard deviation

of the measurement is 20m).

Step 3 - Predict

. . 851.9
L3130 = F&3030 + Gusy = [223 2]

54.3 10.4
P = FPy:0FT +Q =
31,30 30,30 Q [104 26 ]
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9.2.3 Example analysis

The following chart compares the true, measured, and estimated values of the rocket
altitude.

Rocket Altitude

== True values
=—&— Measurements
—8— Estimates

95% confidence interval

600

400

Altitude (m)

200

Time (s)

Figure 9.6: Example 10: true value, measured values and estimates of the rocket altitude.

We can see a good KF tracking performance and convergence.

The following chart compares the true value, measured values, and estimates of the
rocket velocity. The confidence interval is 95%. (You can find the guidelines for a

confidence interval calculation in Appendix B).

Rocket Velocity

—— True values
—8— Estimates
200 95% confidence interval

150

100

Velocity (m/s)

(] 1 2 3 4 5 6 7
Time (s)

Figure 9.7: Ezample 10: true value, measured values and estimates of the rocket velocity.

It takes about 2.5 seconds to converge the estimates to the true rocket velocity.
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In the beginning, the estimated altitude is influenced by measurements, and it is not

aligned well with the true rocket altitude since the measurements are very noisy.

But as the KF converges, the noisy measurement has less influence, and the estimated

altitude is well aligned with the true altitude.

In this example, we don’t have any maneuvers that cause acceleration changes, but
if we had, the control input (accelerometer) would update the state extrapolation

equation.
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10. Foreword

\_

Once you have mastered the multi-dimensional (or multivariate) Kalman Filter, you

are ready to tackle the Non-linear Kalman Filters.

The Kalman Filter solves the estimation problem for linear systems. However, most

real-life systems are non-linear.

For non-linear systems handling, the Linear Approximation techniques shall be
applied. This part describes two common modifications of the Kalman Filter that

perform Linear Approximation:

e Extended Kalman Filter (EKF)
e Unscented Kalman Filter (UKF) or Sigma-point Kalman Filter (SPKF)

The EKF performs analytic linearization of the model at each point in time. EKF

is the most common non-linear Kalman Filter.

The UKF performs statistical linearization of the model at each point in time.
The UKF is considered to be superior to the EKF.

While the standard Linear Kalman Filter (LKF) is an optimal filter since we
minimize the estimate uncertainty (see subsection 8.7.1 - “Kalman Gain Equation
Derivation”), all Kalman Filter modifications for non-linear systems are sub-optimal

since we use approximated models.

This chapter describes the EKF and the UKF methods. We discuss the advantages
and disadvantages of each method. Furthermore, each method is exemplified by

numerical examples.






11.1

11.2

11. Essential background Il

The non-linear Kalman Filter chapter requires prior knowledge of the following

topics:

e Derivatives - required for mastering Extended Kalman Filter

e Matrix square root - required for mastering Unscented Kalman Filter

The author assumes that the readers are familiar with derivatives from an introductory

Calculus course. Thus, this chapter deals with a matrix square root.

The square root of a maitrix
A matrix B is a square root of a matrix A if:

A=BB (11.1)

The equation above can have several possible solutions, and there are different

computation methods for finding the square root of a matrix.

The Uncentenced Kalman Filter employs an Unscented Transform that requires a

square root computation of a covariance matrix.

Luckily, covariance matrices are positive and semi-definite. Thus we can use
Cholesky decomposition (or Cholesky factorization) for the computation

of a covariance matrix square root.

Cholesky decomposition

The Cholesky decomposition is a decomposition of a positive definite matrix into a

product of a lower triangular matrix and its transpose.

If a matrix A is positive definite:
A=L"L (11.2)

The lower triangular matrix is a square matrix where all the values above the diagonal
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are zero:
air Q12 a3 A1 lh 0 0 O lin Lo hs lig
l [ 0 0 0 1 ) l
ag1 A2z Q23 Q24 _ 21 122 22 123 24 (1 1 3)
a31 32 33 a34 31 l32 I35 O 0 0 I3z 34
(41 Qg2 Q43 Qagq log lig lig lua 0 0 0 Ilu

If matrix A is positive semi-definite, then the diagonal entries of L are allowed to be

Zero.

Cholesky decomposition algorithm:

e Diagonal elements of L:

Lo = Jaw — Y 12, (11.4)
u<v

e Off-diagonal elements of L:

1
ltv = 7 (atv - Z ltulvu> (115)

Lo u<v
First, find the elements of the first row of L, then find the elements of the second
row of L, and then find the elements of the third row of L. Continue the process

until you reach the final row.

Example:

9 -6 3 24

— — —4
A 6 20 22

3 =22 30 -9

24 -4 -9 99

Given the matrix A, find the square root of A using Cholesky decomposition.

lihn=+/an =3

921 —6
l :—:—:—2
21 lll 3
lgg = \/&22-[%1 = 20 — (—2)2 =4
3
b= =2=1

ol 3
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ass — l31 X l21 —22—1x (—2)
lgg 4
l33 = \/agg—lgl—l?% = \/30— 12— (—5)2 :2
41 24
lp=—=—=28
41 I 3
a9 — 141 X l21 —4 — 8 X (—2)
l42 - - - 3
a43—l41><l31—l42><132 —9—8)(1—3)((—5)
ly3 = = =-1
l33 2
L= \Jau — By — T — 3 = /99 8 3 — (~1)2 =5
3 0 0 O
-2 4 0 0
L =
1 =5 2 0
8§ 3 -1 5
Some computer packages have built-in Cholesky decomposition functions.
Python example:
import numpy as np
A = np.array([[9, -6, 3, 24], [-6, 20, -22, -4], [3, -22, 30, -9],
[24: _4, _9’ 99]])
5 print (4)
[[ 9 -6 3 24]
[ -6 20 -22 -4]
[ 3 -22 30 -9]
[ 24 -4 -9 99]1]

L = np.linalg

print
(r 3.
[-2.
[ 1.
[ 8.

(L)
0.
4.
-5.
an

N O

-1.

.cholesky (A)

o o o o
I'_ll—ll—ll—l
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MATLAB example:

A = [9 -6 3 24;
A =

9 -6

-6 20

3 -22

24 -4

L = chol(A)

O O O w

-6

-22
30
-9

20

MATLAB provided L7

-22 -4; 3 -22 30 -9; 24 -4 -9 99]

24

-9
99



12. Non-linearity problem

Before diving into the problem solution, we must understand the problem itself.

What are the non-linear systems, and why does the standard Linear Kalman Filter

fail with non-linear systems?
We distinguish between two types of non-linearities:

e State-to-measurement non-linear relation

e Non-linear system dynamics
We will treat each type of non-linearity separately and then combine them.

First, let us start with an example of the linear system.

12.1 Example - linear system

Assume an air balloon that can move only upwards or downwards with constant

acceleration dynamics. We are interested in estimating the balloon altitude.

The balloon system dynamic model is linear.

We can describe the balloon system dynamics as follows:

Lp+in = Fwn,n

Tpiin 1 At 0.5A8| [Zpn

Tniin| =10 1 At Tom

t%n—i—l,n 0 0 1 '%n,n
Where:

x is the balloon altitude
2 is the balloon velocity
T 1s the balloon acceleration

At is the time interval

We are already familiar with linear motion system dynamics from Part II.

The balloon altitude is measured by the radar located beneath the balloon.

(12.1)

(12.2)
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)

q

Figure 12.1: Balloon altitude measurement using radar.

The radar measurement error distribution is Gaussian.

The radar sends an electromagnetic pulse toward the balloon. The pulse is reflected
from the balloon and received by the radar. The radar measures the time elapsed
between pulse transmission and pulse reception. Since the pulse travels with the

speed of light, we can easily calculate the target range (which is the balloon altitude):

c
={- 12.
Pt (123)
Where:

x is the balloon altitude

¢ is the speed of light

Let us construct the observation matrix H.
zn = Hzx, (12.4)

Where:
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T, is the balloon altitude

z, is the measured time delay

n-l

(12.5)

The dependency between the measured value (elapsed time) and the estimated value

(balloon altitude) is linear. However, what happens to the estimation uncertainty?

Is it still Gaussian?

The following chart depicts the dependency between the elapsed time and the balloon

altitude. We can also see the distribution of measurement error (uncertainty) on the

bottom plot and the state estimation error (uncertainty) on the left plot.
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12.2: Linear System.

Since the dependency is between the measured value and the estimated value is

linear. The estimated value uncertainty is also Gaussian!
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Example - State-to-measurement non-linear relation

This example presents the first type of non-linearity: state-to-measurement relation.
Let us see what happens to the estimated value uncertainty when the state-to-

measurement relation is non-linear.

Like in the previous example, we are interested in measuring the balloon altitude.
The balloon system dynamic model is linear and similar to the previous example.
The balloon altitude is measured by the optical sensor that is located aside. The
distance d between the sensor and the balloon nadir is known. The optical sensor
can also measure the target angle. The sensor measurement error distribution is

Gaussian.

p ) Nadir is the direction pointing directly below a particular location.

Figure 12.3: Balloon altitude measurement using optical sensor.

The balloon altitude can be calculated by using a trigonometric function:
r=d-tan(6) (12.6)

Where:

x, is the balloon altitude
d 1is the distance between the sensor and the balloon nadir

6 is the balloons elevation angle

The tangent function is non-linear. We can’t construct the observation matrix H'!
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For a linear system, the measurement equation for the linear system is given by:
z, = Hx, + v, (12.7)

Where:

z, 1s the measurement vector
@, is the true system state (the hidden state)
v,, 18 a random noise vector

H is the observation matrix
For the system with non-linear state-to-measurement relation, the observation matrix
H is a function of x. Therefore, the measurement equation looks like:

z, = h(x,,v,) (12.8)

In this example:

-1

0=t
an”" -

(12.9)

Let us see what happens to the estimated value uncertainty distribution.

Non-linear System

17500 A 17500 ~
15000 15000 ~
£
~— 12500 4 12500 ~
=
i
£ =
T 10000 E 10000 ~
£t
S B
o | 3 i
= 7500 E 7500
2 <
;'3 5000 5000 +
k=
<
2500 - 2500 +
0+ 0+

0.4 0.3 0.2 0.1 0.0 0 20 40 60 80
Angle Measurement (deg)

0.4+

0.3 4

0.2 4

0.1+

0.0

tl) 2IO 4ID 6ID
Angle Uncertainty (s)

Figure 12.4: Non-linear System.
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Figure 12.4 depicts the dependency between the measured angle and the balloon
altitude. We can also see the distribution of measurement error (uncertainty) on the

bottom plot and the state estimation error (uncertainty) on the left plot.

The altitude uncertainty distribution is not Gaussian! It also changes its shape at

different measurement points.

The Kalman Filter algorithm assumes that the distribution of all random variables
is Gaussian. For non-linear systems, this assumption does not hold anymore. The

algorithm is not stable and yields significant estimation errors.

Example — Non-linear system dynamics

This example presents the second type of non-linearity: non-linear system dynamics.

Assume an ideal gravity pendulum that consists of a body with mass m hung by a
string with length L from fixed support - the pendulum swings back and forth at a

constant amplitude.
We want to estimate the angle 6 from the vertical to the pendulum.

The angle units are radians.

mg

Figure 12.5: Pendulum.
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First, we need to describe the pendulum motion.
According to Newton’s second law, the sum of forces on the object equals:

F =ma (12.10)
Where:

m is the body mass
a is acceleration

The force that is applied to the pendulum equals:

F = —mgsin () = ma (12.11)
The acceleration equals:

a = —gsin (0) (12.12)
The arc length s that corresponds to angle 6 is:

s= L6 (12.13)

T
Remember that # units are radians. For degrees units: s = L@E
The pendulum velocity equals:
ds do
==L 12.14

YT T (12.14)

The pendulum acceleration equals:
d*s d*0 _
Thus, the differential equation that describes the pendulum movement is:
d*0

It is the second-order homogeneous differential equation.

Once we've derived the motion equation, we can define the dynamic model.
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The state vector of the pendulum is in the form of the following:

T, = [9"] (12.17)

Where:
0,, is the pendulum angle at time n

0, is the pendulum angular velocity at time n

énJrl,n - én,n + gn,nAt
(12.18)

Ons1n = émn + 5n’nAt = én n — —=sin(b,,) At

The dynamic model is not linear. For a linear system, the general form of the state

extrapolation equation in a matrix notation is:
Toi1n = F,, + Gu, +w, (12.19)

Where:
ZLy+1., is a predicted system state vector at time step n + 1
ZT,, Iis an estimated system state vector at time step n
Uy, is a control variable or input variable - a measurable (deterministic)
input to the system

w, is a process noise or disturbance - an unmeasurable input that affects

the state

F is a state transition matrix

G is a control matrix or input transition matrix (mapping control to state
variables)

For the non-linear system dynamics, the state transition matrix F' is a function of x

and w. Therefore, the state extrapolation equation looks like:

CI/\gn-i-l,n - f(in,ny Uy, wn) (1220)
In this example:

én,n + én,nAt

F(@ny1n) = g . (12.21)
i — zsin(Omn)At

D>

The measurement equation depends on the measured parameter.
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Let us review two cases:
Case 1 - measured parameter is pendulum angle 6

In this case, the measurement equation looks like:

On,measured = [1 0] [Z.”] (12.22)

The above equation is in the form of: z,, = Hx,,. Therefore, the state-to-measurement
relation (the first type of non-linearity) is linear.
Case 2 - measured parameter is the pendulum z - position

In this case, the measurement equation looks like:
en,measured = LSZTL(en) (1223)

The above equation is in the form of: z, = h(x,). Therefore, the state-to-

measurement relation is non-linear.

Now we are ready to discuss different linearization methods.






13.1

13. Extended Kalman Filter (EKF)

The Extended Kalman Filter has emerged from National Aeronautics and Space
Administration (NASA) Dynamic Analysis Branch research, led by Dr. Schmidt [5],

[6].

The main idea behind the EKF is a linearization of the dynamic model at the working

point.

This chapter includes a detailed explanation of the concept and two numerical

examples.

Analytic linearization

The EKF performs analytic linearization of the model at each point in time. The
following figure exemplifies a one-dimensional case. We want to find a tangent line
for a point x = zy. Using the tangent line, we can project the uncertainty to the y

axis and keep its’ shape Gaussian.

Vi NTA)
d’\}%\{’\"
o
-
&
>
o’

y )
yO + o-y [ - //
Yo
Yo = Oy

Xg— 0, Xg Xg T Oy x

Figure 13.1: Analytic Linearization.

From basic calculus, we know that the slope of the tangent line to the function f(x)
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at the point xy equals to the derivative of the function f(x) at the point xg:

_ df(x)
m= = (13.1)

= X0

Where m is the slope of the tangent line.

The general straight-line equation is:
y=mx+b (13.2)

Where:

m is the slope of the line
b is a y-axis intercept point
We can find the line equation given the slope m and any point xg, yo :
Y — Yo =m(x — xo) (13.3)
Expand and rearrange:

Yy = mx — mxgy + Yo (13.4)

b= —mxo+ Yo (13.5)

We can find yy using the original function f(x):

Yo = f(xo) (13.6)

So the tangent line equation would be:

Yy =mx —mxo + Yo = Yo + (¥ — To)m (13.7)
y = f(x0) + (v — :Eo)d];(;) (13.8)
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First-order Taylor series expansion

In many Kalman Filter books, the process of analytic linearization is also called:
“The approximation of f(x) by a first-order Taylor series expansion about the point

T =0

According to Taylor’s theorem, the function f(z) equals an infinite sum of terms
that are expressed in terms of the function derivatives at a single point x = xq:

F®) (o)
k!

2 f" (o)

o (z—x0)>+ -+

f(@) = f(xo)+f (wo)(x—w0)+

We can approximate the function f(x) by calculating the first k& terms of the Taylor

Series. For high approximation precision, we shall select a high k value.
Taylor’s series is named after Brook Taylor, who introduced it in 1715.

For the linear approximation, we should keep only the first two terms of the Taylor

Series:

f(@) ~ f(x0) + f (z0)(z — ) (13.10)

This equation is identical to Equation 13.8, which we derived in the previous chapter.

Uncertainty projection in one dimension

The EKF projects the uncertainty using the linearization technique.

As we will see soon, when projecting the uncertainty, there is no need to evaluate

the observation function h(x) and the state transition function f(x). We only need

dh(x) df(x
to evaluate derivatives ( ), A )
dx dx

After finding the tangent line equation at the point zy, we can project the uncertainty

using the tangent line.
The line equation is:
y=mz+b (13.11)

Where:
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df (z)
dx

T= X0

b= —mMIy "—yo

The standard deviation (sigma) points are: (xg+ 0., To— 04).

y—oy,=m(xg—0,)+b

(13.12)
y+ o, =m(xg+o0,)+b
The measurement uncertainty is the difference between the sigma points:
(y+0y) — (y—0y) =m(xo+ 0,) +b— (m(xg — 0,) + b) (13.13)
gy = Mo, (13.14)

o, = (%) O (13.15)

The estimation variance: p, = o>

py = (%)2@6 (13.16)

13.3.1 Example - linearization in a single dimension

Let us return to the balloon altitude measurement example (section 12.2) with a

state-to-measurement non-linear relation.

The balloon altitude is measured by the optical sensor that is located aside. The
distance d between the sensor and the nadir of the balloon is known. The optical

sensor can measure the target angle 6.

Since the system state-to-measurement relation is not linear, the measurement

equation has the following form:

z, = h(z,) (13.17)
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In this example:

7

z, =0 =tan 3" (13.18)

h(x,) =0 = tan_l% (13.19)

To propagate the measurement uncertainty from the angle domain to the altitude

domain, we need to perform an analytic linearization, or in other words, differentiate

h(x,).

dh(z) _ d(tan”'%)
de dx

(13.20)

x
We should calculate the derivative of tan™'—. One can use computer software

packages to calculate the derivative. I prefer to calculate derivatives myself, but

checking yourself with a software package could be a good idea.

The derivative of the arctan is given by:

d 1 1
—tan~ = 13.21
S-tan (x) e (13.21)
Using chain rule:
d(tan™'2% 1 1 d
(a; i) _ et (13.22)
x 14 (E) +x
The linearized observation matrix for this example is:
dh(x)
2~ | ] (13.23)

We can check the differentiation using the Python SymPy library or MATLAB

symbolic toolbox.

Python example:

import sympy as sp # import SymPy library

x, d = sp.symbols(’x, d’) # define symbols

f = sp.atan(x/d) # define function
dif = sp.diff(f, x) # differentiate function

print (dif) # print the result
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The Result:

1/(d*x(1 + x**2/d*%x2))

MATLAB example:

syms f(x) d; yA
f(x) = atan(x/d); %
dif = diff(f,x); 7
disp(dif); /)
The Result:

1/(d*(x~2/d~2 + 1))

define symbols
define function

differentiate function

print the result

The following figure depicts the analytic linearization result for the “measuring

balloon altitude” example.

Non-linear System
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Altitude

5000
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—54900 —55000 —55100
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Figure 13.2: Linearization .

The orange line is the tangent line to the function x = d - tanf) at the point § = 85°.



13.4

13.4 Uncertainty projection in two dimensions 243

Uncertainty projection in two dimensions

In two dimensions, the uncertainty is projected through a tangent plane. The

following figure describes a tangent plane of the non-linear function f(x,y) at a point

Zo, Yo-

X0, Yo

Figure 13.3: The tangent plane.

The tangent plane is characterized by two orthogonal slopes — the x - axis slope and
the y - axis slope. The partial derivatives of f(x,y) at a point xg,yo are the slopes

of the tangent plane:

of (x,y) 9f(z,y)
oxr = Oy

(13.24)

As we’ve seen in the previous section, when projecting the uncertainty, there is no
need to evaluate the observation function h(x) and the state transition function
f(x). We only need to evaluate derivatives. In two dimensions, we should find two

partial derivatives.

Let us recall the pendulum example (section 12.3). The state vector of the pendulum

is in the form of the following:

T, = len] (13.25)



244 Chapter 13. Extended Kalman Filter (EKF)

0,, is the pendulum angle at time n

0, is the pendulum angular velocity at time n

We measure the pendulum position: L - sin(6,).

Since the state-to-measurement relation (the first type of non-linearity) is non-linear,

the measurement equation is a type of:

z, = h(z,) (13.26)

h(x,) = L - sin(6,) (13.27)

The multivariate analytical linearization is given by:

oh on\"
P, =P |=—= 13.2
out aw mn (83}) ( 3 8)

We need to find the partial derivatives of h(x):

oh [a(Lsm(en)) 0 (Lsin(6,))

e o g ] = [Lcos(@n) 0] (13.29)

oh on\" )
P, = a—mRn <a_m) = (Lcos(0n))” P (13.30)

The dynamic model of the pendulum is also non-linear (the second type of non-

linearity). It has the form of:

i’n-l—l,n - f(i:n,n) (1331)

é 41 én,n + én,nAt
Epi1n = [G” ”] = . p A (13.32)
Ont1,m Onn — =8in(Opn) At
I L I
A O + én,nAt
f(&nn) = AlEna) | _ . (13.33)
: . g R
fo(@nn) Opn — —sin (O, n) At
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The dynamic model function f(&,,) is a matrix that contains two different sub-

functions. We should find partial derivatives for each sub-function.

] [ a(b,,+6,.At 9 (00 +6,AL) ]
of, Of: (’aﬁ) (’J>
— = 00
of@ _ |99 00| _
ox s g . N g A
0 fs % O\ Opn — zszn(emn)At O\ O — zsm(‘gn,n)At
i o0 aé i _ ~
i o0 o0 |
1 At

- %cos(énvn)At 1 |

The multivariate analytical linearization is given by:

~of o (9f\"
Pout - a_mRn (%)

Multivariate uncertainty projection

(13.34)

(13.35)

We can generalize the two-dimensional case by extending it to an N - dimensional

case.

For multi-dimensional problems, we propagate the multivariate Gaussian random

variable (represented by covariance matrix) using a linear approximation of the

multi-dimensional function.

For the non-linear system dynamics, the multivariate analytical linearization is given

by:
_of  (of\"
Pout_ ampzn (aiﬂ)

Where:

P,, is an input covariance

P,,, is a projected covariance

of » . .
— is a state transition matrix Jacobian

ox

(13.36)

Jacobian matrix is a matrix of partial derivatives, named after Karl Gustav Jacob



13.5.1

246 Chapter 13. Extended Kalman Filter (EKF)

Jacobi, a German mathematician.

Of . 0h]
8.771 8.73”
of _ |7 . :
= (13.37)
Ofm Ofm
| 0zy O,

Similarly, for the state-to-measurement non-linear relation, the multivariate analytical

linearization is given by:

oh or\"
— . g 13.

Pout ax-Pzn <al‘) ( 3 38)
Where:

P, is an input covariance

P, is a projected covariance

Ooh
— is an observation matrix Jacobian

ox

For additional material on error propagation, I recommend reading [7].

Jacobian derivation example

Let us complicate the “Vehicle location estimation example” (section 9.1). We
estimated the vehicle location in the XY plane in that example. The vehicle had an

onboard location sensor that reported x and y coordinates of the system.

Now, we want to track the vehicle using radar. The radar is located at the plane

origin, and it measures the vehicle range (r) and bearing angle ().

The radar measurement error distribution is Gaussian.
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v

Figure 13.4: Vehicle location estimation using radar.

The measurement vector z,, is:

2, = [T”] (13.39)

Pn

The state vector x,, is:

z, = [x”] (13.40)

Yn
Let us find the relation between the measurement vector and the state vector.

The vehicle range (1) can be expressed by x and y using the Pythagorean theorem:

r= /12432 (13.41)

The vehicle bearing angle (¢) can be expressed by = and y using a trigonometrical

function:
p=tan = (13.42)

Since the state-to-measurement relation is non-linear, the measurement equation is a

type of z, = h(x,):
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2 + y?
r
[ o
¥ tan"1=
x

Jacobian derivation:

_ - o V2 + 2 0 (/22 + o2 ]
Ohy ohy < ) .. < )
. O Oy
oh 0xq oz, : y :
A e : ' : (13.44)
ox y y
% . Ohy, 0 (tan_1—> 0 (tan_1—>
| Oy Oz, | N/ G4
L ox dy i

For this example, the Jacobian is a square 4 elements matrix of partial derivatives.

Let us calculate each element separately.

o (Va?+ )

1 _1
e CIGRTO I EESv e (13.45)
0 (\/ 9;2 + yQ) _ <% (a? + y2)—§) 2y = % (13.46)
Y VIeity

’ (tan_l%> _ <1+1 )2> (_i> ___Yy (13.47)

d (tan™'%) 1 1 x
dy <1+ (ﬂ)2> <5> T2ty 549
. Yy
242 2 2
32(? _ | VR ey (13.49)
Yy A
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We also can derive Jacobian using computer software packages.

Python example:

sympy as sp # import SymPy library

X, = sp.symbols (’x, ’) # define symbols
y p.sy y y

H = sp.Matrix([sp.sqrt(x**2 + y*x*x2), sp.atan(y/x)]) # define H

matrix

J = H.jacobian([x,y]) # calculate Jacobian

(J) # print the result

The Result:

Matrix ([[x/sqrt (x**x2 + y**2), y/sqrt(x**2 + y*x*x2)],
[-y/(x**2%x (1 + y**2/xx%2)), 1/(x*(1 + y**2/x**2))]1])

MATLAB example:

syms X y z % define symbols
H=[ (x72 + y~2) (y/x)1; % define H matrix
3 J = jacobian(H); % calculate Jacobian
J3); % print the result
The Result:

L x/(x"2 + y~2)~(1/2), y/(x°2 + y~2)~(1/2)]
[ -y/(x"2x(y~2/x"2 + 1)), 1/(x*x(y~2/x"2 + 1))]

13.6 EKF equations

The concept of the EKF is similar to the LKF (Linear Kalman Filter); however,

some modifications should be made. The modifications are related to the observation

13.6.1

matrix H and the state transition matrix F'.

The EKF observation matrix

If the state-to-measurement relation (the first type of non-linearity) of the system is

non-linear, the observation matrix is of the type:

H = h(z,)

(13.50)
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The State Update Equation looks like the following:
Ci)n,n = "in,nfl + Kn (Zn — h(.’f}n’nfl)) (1351)
For the uncertainty propagation, the observation matrix H should be linearized to

keep the uncertainty PDF Gaussian.

The Covariance Update Equation looks like the following:

T
P,,=(I- Kna—h P, (I- Kna—h + K,R, K" (13.52)
’ ox ’ ox

The Kalman Gain Equation looks like the following:

ohT [ Oh oOhT -
Kn: Pn,n—la_m (a_mPn,n—la_m +Rn> (1353)

The EKF state transition matrix

If the dynamic model (the second type of non-linearity) of the system is non-linear,

the observation matrix is of the type:
F = f(xz,) (13.54)

For the uncertainty propagation, the state transition matrix F' should be linearized
to keep the uncertainty PDF Gaussian. The State Extrapolation Equation looks like
the following:

Eniin = F@nn) + Gu, (13.55)

The Covariance Extrapolation Equation looks like the following:

of , of"
P, =——P,,— 13.
n+1,n aw n,n aw + Q ( 3 56)

EKF equations summary

The following table compares Extended Kalman Filter equations to the Linear
Kalman Filter equations.
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Equation

LKF Equation

EKF Equation

State
Predict Extrapolation

Tp+in = an,n + Gun

in—s—l,n - .f(i:n,n) + Gun

Covariance

Extrapolation

Pn+1,n:FPn,nFT+Q

T
of  [of
Pn+1,n = %Pn,n <8ZE> + Q

State Update

Lpn = Tpn—1

+Kn (Zn - Hin,n—l)

Lpn = Lpn—1

+Kn (zn - h(jmn—l))

Update

Covariance
Update

Pn,n = (I - KnH) Pn,n—l
x(I-K,H)" + K,R,K"

oh
Pnn: I_Kn_ Pnn—l
) ox )

on\
« (I~ K,—)| +K,R.K"
ox

Kalman Gain

Kn - Pn,n—lHT
x (HP,, \H" + R,)"

T
(9h
1<n =1 n,n—1 a

oh, oR\
X _Pn,n—l a_ +Rn

-1

ox ox

Table 13.1: Kalman Filter equations.

Once we understand the concept, we can proceed to numerical examples.
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Example 11 - vehicle location estimation using radar

I introduced this example earlier (subsection 13.5.1) when I explained the multivariate

uncertainty projection concept.

We want to track the vehicle using radar. The radar is located at the plane origin,

and it measures the vehicle range (r) and the bearing angle ().

The radar measurement error distribution is Gaussian. We assume constant accelera-

tion dynamics.

X
Figure 13.5: Vehicle location estimation using radar.
Kalman Filter equations
The state extrapolation equation
Similarly to example 9 (section 9.1), the state extrapolation equation is:
jzn—l—l,n = F:%n,n (1357)
The system state x,, is defined by:
_xn_
Ty,
z,= " (13.58)
Yn
Yn
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The extrapolated vehicle state for time n + 1 can be described as follows:

[Gnpin]  [1 At 0542 0 0 0 | [dnn)
Tniim 01 At 0 0 0 T
Friin _ (00 1 0 0 0 T (13.59)
Unt1n 0 0 0 1 At 05A2| |9
Unt1m 00 0 0 1 At ||gun
] L0000 0 0 0 1| ]

The dynamic model of the system (the second type of non-linearity) in this example

is linear! There is no need to calculate the Jacobian —

ox’

The covariance exirapolation equation

The Covariance Extrapolation Equation is similar to example 9 (section 9.1):
P,,,=FP,,F' +Q (13.60)

The estimate covariance is:

Piz Pi Pez O 0 0
Piz Pzz Pz 0 0 0
0 0 0 py Dy DPyy
00 0 py py Py
0 0 0 pjy Py Py

(13.61)

The elements on the main diagonal of the matrix are the variances of the estimation:
e p, is the variance of the X coordinate position estimation
e p; is the variance of the X coordinate velocity estimation
e p; is the variance of the X coordinate acceleration estimation

e p, is the variance of the Y coordinate position estimation

py is the variance of the Y coordinate velocity estimation

pj is the variance of the Y coordinate acceleration estimation

The off-diagonal entries are covariances



254 Chapter 13. Extended Kalman Filter (EKF)

The process noise matrix

The process noise matrix is also similar to example 9 (section 9.1):

o2 o2, 02 0 0 0
o2, 02 o2 0 0 O
Q- o3, o3 0i 0 0 0
0 0 0 UZ O'sy U;y
000 o @ o
L 0 0 0 Uzy ng 05_
(At A A2 0 ]
4 2 2
At3 (13.62)
- At At 0 0 0
At?
— At 1 0 0 0
0 0 0 At A A
4 2 2
At3
0 0 0 > A2 At
At?
0 0 0 > At 1

Where:

e At is the time between successive measurements

2

e 0. is a random variance in acceleration

The measurement equation

The measurement equation is different from example 9.

The measurement vector z,, is:

2, = [T”] (13.63)

Pn
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The

Let

system state vector x,, is defined by:

xn
Ty
z, = |"" (13.64)
Y

Un
Un

us find the relation between the measurement vector and the state vector. The

vehicle range (r) can be expressed by x and y using the Pythagorean theorem:

The vehicle bearing angle (¢) can be expressed by x and y using a trigonometrical

function:

o =tan~1Y (13.66)
Xz

Since the state-to-measurement relation (the first type of non-linearity) is non-linear,

the

measurement equation is a type of z, = h(x,):

ME 186

Y

¥ tan~1=
x

Jacobian derivation:

oh
oz

[ Ohy Ohy ]
8.731 &cn
Ohm, Ohm,

021 Owp

o(vVarv?) o(VarvR) o(VaErTe) a(Varter) o(Varts?) o(Vat i)

ox oz 0z oy oy i
0 <tan_1y> 0 (tan_l y) 0 <tcm_1 y) 0 (tan_1y> 0 (tan_1y> 0 (tan_1y>
T T T T T T
ox oz 0% dy oy o ]
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I derived the partial derivatives earlier when I explained the multivariate uncertainty

projection concept (subsection 13.5.1).

z Yy
—— 00 —/—— 0 0
oh | \/a? +y? vVt 4+ y?

— 13.
9z (13.69)
Y 00 00
ZEQ + yQ 1'2 + yQ
The measurement uncertainty
The measurement covariance matrix is:
2 0
R,=|"m (13.70)
The Kalman Gain
The Kalman Gain in for EKF is given by:
on" [ oh oh” !
K, =P,, 1— |=—Pn1— R, 13.71
" (83: " o * ) ( )

Where:
K, is the Kalman Gain
P, is a prior estimate covariance matrix of the current state (predicted at the

previous state)

oh
2 is the linearized Observation Function
€T
R, is the measurement noise covariance matrix

The state update equation
The State Update Equation is given by:

"-%n,n = "-%n,nfl + Kn (Zn — h(fl\?n’nfl)) (1372)
Where:
Typ is the estimated system state vector at time step n
G is the predicted system state vector at time step n — 1
K, is the Kalman Gain

h(&,,-1) is the Observation Function
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The covariance update equation

The Covariance Update Equation in a matrix form is given by:

oh oh\"
pP,, = <I — Kn—) P, (I - Kn—> + K,R,K" (13.73)
’ ox ’ ox
Where:
P,, is the estimate covariance matrix of the current state
P, is the prior estimate covariance matrix of the current state (predicted at the

previous state)

K, is the Kalman Gain

ah . . . . .

— is the linearized Observation Function

ox

R, is the measurement noise covariance matrix

13.7.2 The numerical example

The vehicle trajectory is similar to example 9 (section 9.1). The vehicle moves
straight in the Y direction with a constant velocity. After traveling 400 meters, the
vehicle turns left with a turning radius of 300 meters. During the turning maneuver,

the vehicle experiences acceleration due to the circular motion (angular acceleration).

Vehicle Position

300 4

200 4

100

Y (m)

—100 4

—200

—3001

—400 -

T T T
100 200 300

X (m)

Figure 13.6: Vehicle trajectory.
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The measurements period: At = 1s

The random acceleration standard deviation: o, = 0.2%3

The range measurement error standard deviation: o, = 5m

The bearing angle measurement error standard deviation: o, = 0.0087rad

The state transition matrix F' is:

(1 At 05A£2 0 0 o | [1 10500 0]
0 1 At 0 0 0 01 1 00 0
e 0 0 1 0 0 0 oo 1 00 0
0 0 0 1 At 0.5A? 00 0 11 05
0 0 0 0 1 At 00 0 01 1
oo 0o o0 1 | [00 0 00 1]
e The process noise matrix Q is:
-A4 A3 At2 T B T
TZ Tt Tt 0 0 0 }1 % % 0O 0 0
S&E A2 At 0 00 111000
A2 A 0 11100 0
Q=|"7 “OAB AR oe= |2 111 0.22
0 0 5 5 % 0003 3 3
0 0 A% A At 00034 11
0 0 A2 At 1 000111
e The measurement variance R is:
R, — o2 0 _ 52 0
0 o2, 0 0.00872

The following table contains the set of 35 noisy measurements:
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r(m) 502.55  477.34 45721 44294 42727 406.05 400.73  377.32

p(rad) -0.9316 -0.8977 -0.8512 -0.8114 -0.7853 -0.7392 -0.7052 -0.6478

9 10 11 12 13 14 15 16 17

360.27 34593 333.34 328.07 315.48 301.41 302.87 304.25 294.46

-0.59  -0.5183 -0.4698 -0.3952 -0.3026 -0.2445 -0.1626 -0.0937 0.0085

18 19 20 21 22 23 24 25 26

294.29  299.38 299.37 300.68 304.1 301.96  300.3 301.9 296.7

0.0856 0.1675 0.2467  0.329  0.4149 0.504 0.5934  0.667  0.7537

27 28 29 30 31 32 33 34 35

297.07 29529 296.31 300.62 2923  298.11 298.07 29892  298.04

0.8354 0.9195 1.0039 1.0923 1.1546 1.2564 1.3274 1.409  1.5011

Table 13.2: Example 11 measurements.

Ilteration Zero
Initialization

We don’t know the vehicle location, so we approximate the initial position at about

100m from the true vehicle position (Zgo = 400m, goo = —300m)

400
0
0
—300
0

Loo =

Since our initial state vector is a guess, we set a very high estimate uncertainty. The
high estimate uncertainty results in a high Kalman Gain by giving a high weight to

the measurement.
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500 0 0 0 0 0
0O 500 0 0 0 0
0 0 500 O 0 0
Po,o—
0 0 0 500 O 0
0 0 0 0 500 O
0 0 0 0 0 500
Prediction
[ 400 |
0
0
Ti1o0=Fxyy=
1,0 0,0 300
0
0

(1125 750 250 0 0 0
750 1000 500 0 0 0
250 500 500 0 0 0
0 0 0 1125 750 250
0O 0 0 750 1000 500
0 0 0 250 500 500

P170:FP070FT+Q:

13.7.2.2 First lteration
Step 1 - Measure

The measurement values:

502.55
z1 =

—0.9316
Step 2 - Update

Observation matrix (h(@1)) calculation.

/710 + ¥t /4002 & (—300)? “00
h(E10) = = ~300 | = [ ]

Y1,0
tan—'22 tan—! 0.644
an 1o an 100
. . . Oh(z1) .
Observation matrix Jacobian B calculation:
x
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A T1,0 00 Y10 00
Oh(@1,) _ | xio + y%o \/ xio + y%o
Ox — Y10 T1,0
P 5 00
| P10 T Yip o+ Yio
B 08 00 —-06 00
0.0012 0 0 0.0016 0 O
The Kalman Gain calculation:
[ 0783 295 |
. . . 0.522 196.7
Oh(21,0) Oh(x1p) Oh(z1,) 0.174  65.6
K =Py —F— ——Piy| ——| +R =
ox ox oz —0.587 393.3
—0.391 262.2
—0.13 874
Estimate the current state:
[ 317 ]
—55.3
—18.4
11 =210+ K, (z; — h(z =
1,1 1,0 1 (z1 (Z10)) 4148
—76.5
—25.5
Update the current estimate covariance:
Oh(G10) Oh(210)\
T T
P.=|I-K—2\P,(I-K—Y) +KRKT
’ ox ’ ox

(9239 1493 498 —2.75 —1.84 —0.61]
14.93 509.97 336.67 —1.84 —1.22 —0.41
498 336.67 44558 —0.61 —0.41 —0.14
275 —1.84 —0.61 22.39 14.93 4.98
184 —1.22 —041 1493 509.97 336.67
061 —0.41 —0.14 498 336.67 445.58|
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Step 3 - Predict

[ 95242 |
—-73.8
—18.45
Lo, =F&,, =
= T 504013
—102.06
—25.52
(1015.28  1257.7 564.46 —8.7 435 —1.09]
1257.7 162894 782.3 —435 —2.18 —0.54
564.46  782.3 44562 —-1.09 —-0.54 —-0.14
P271:FP171FT+Q:
—8.7 —4.35 —1.09 1010.2 1255.16 563.83
—4.35 =218 —0.54 1255.16 1627.67 781.98
_—1.09 —0.54 —0.14 563.83 781.98 445.54_
Second lteration
Step 1 - Measure
The measurement values:
477.34
Z9 =
—0.8977
Step 2 - Update
Observation matrix (h(®s,)) calculation.
2 2 3 — 3
) \/T21 T Y2 V/252.422 + (—504.13) 563.8
h(Z2,) = yor | = — 504.13 = 4
tan 1 —= tan ' —— -
1'271 25242
. . . Oh(zs,) .
Observation matrix Jacobian 0w calculation:
T
T21 Y21
Oh(a ﬁOOﬁOO 045 0 0 —0.89 0 0
(mQ’l): \/ %211 Y21 \/ 121t Y21 _
ox B
Y21 00 L2,1 00 0.0016 0 0 0.0008 0 0
2 2 2 2
| T3 T Y2 To1 1 Yz

The Kalman Gain calculation:
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[ 044 492.34]
.| 054 61149
Oh(d@sn)\ [ Oh(@s1)  [Oh(@21)) | 021 27465
2,1 2,1 2,1 ) .
K, = P2,1 — —7P271 — + R =
ox ox ox —0.87 246.4
—1.08 309.3
—0.49 139.36
Estimate the current state:
[ 317.47 ]
7.6
18.19
Too = Xoq1 + Ky (2o — h(Z =
2,2 2,1 2 (22 (©21)) 377 14
56.13
I 45.6 |
Update the current estimate covariance:
Oh(2,1) Oh(221)\
T T
Po=|I-Ko—— Py [ I - Ky + K;RKY
’ ox ’ ox

[ 238 2048 13.23 —0.31 —0.23 —0.08]
2948 1074 99.42 —-0.23 —-487 =28
13.23 99.42 139.14 —-0.08 —-2.8 —1.62
—-0.31 —-0.23 —-0.08 2424 30.12 13.53
—0.23 —4.87 —-2.8 30.12 105.54 98.22

| —0.08 —2.8 —1.62 13.53 9822 138.39]

Step 3 - Predict

[ 334.17 |
925.8
18.19

~998.21
101.73
45.6

T32 = F332,2 =
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[ 337.6  368.83 182.2 —8.92 —10.19 —3.69]
368.83 44542 238.6 —10.19 —12.09 —4.42
182.2 2386 139.18 —-3.69 —4.42 —1.62
—-8.92 -10.19 -3.69 336.39 365.74 180.97
—10.19 —-12.09 —4.42 365.74 44041 236.65
| —3.69  —4.42 —1.62 180.97 236.65 138.43

P, =FP,FT+Q =

At this point, I think it would be reasonable to jump to the last Kalman Filter

iteration.

Thirty-Fifth lteration
Step 1 - Measure

The measurement values:

L _ [20804
115011

Step 2 - Update

Observation matrix (h(@3534)) calculation.

\/m V/307.82 + (—277.04)? [300 07]

h(23534) = Yssza | T — 277.04 =
tan— == tan t—— 1.5
35,34 307.8
. . . Oh(235,34) .
Observation matrix Jacobian B — calculation:
€T
T35,34 Y35,34
. 0 0 0 0
<8h(w35,34)> — |V $§5,34 + 955,34 \/ x§5,34 + y32)5,34
O — Y35,34 L3534
—-—— 00 ———F—=5— 00
| 73534 T Y3534 T3534 T+ Y3534

007 0 0 0998 0 O

—-0.003 0 0 0.0002 0 O

The Kalman Gain calculation:
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Kjs = P53 ( D

Estimate the current state:

3535,35 - é535,34 + K35 (ZSS - h(£35,34)) -

R T
ah($35,34)>

ox

Update the current estimate covariance:

Py 35 = (I — K35 O

Step 3 - Predict

[ _5.49

—0.84
300.02
0.74
—1.8

36,35 = FCB35,35 =

P35 = FPys 3 F7 +Q =

—26.77

a’-"<::Aci’>5,34)

0.56 0.19

(053 4 0.82
4 2925 0.57
0.82 0.57 0.2
1.68 0.41 0.02
0.61 0.27 0.04

0.09 0.05 0.01

Oh(Z3534)
——— P53

[ 20.87
~95.93
—0.84
208.38

2.55
18

> Ps; 5, (I — K35

(4.07 1.7 034 095 031 0.04]
1.7 13 038 016 0.2 0.04
034 038 0.16 —-0.01 0.03 0.01
095 0.16 —0.01 12.02 4.05 0.7
031 0.2 0.03 4.05 229 0.56
0.04 0.04 0.01 0.7

1.68
0.41
0.02
23.74
8
1.38

Oh(Z3534)
ox

R T
67’1(3335,34)

0.61
0.27
0.04

3.63
0.79

T

) + K3sRKZ,

0.09
0.05
0.01
1.38
0.79
0.23

265
[0.04 —174.67]
0.01 —73.57
0  —15.06
0.5 —4.83
0.16 —1.32
0.03 0.3
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Example summary

The following chart demonstrates the EKF location and velocity estimation perfor-

mance.

The chart on the left compares the true, measured, and estimated values of the
vehicle position. Two charts on the right compare the true, measured, and estimated

values of = - axis velocity and y - axis velocity.

Vehicle Position Vehicle X-axis velocity
104
300 1 =—&— Measurements —e— Estimates
—8— Estimates 0+ —— True values
—{— True values
_101
200 E
-20
£
X -30
>
100
—40
=50
01 T T T T T T T T
— ] 5 10 15 20 25 30 35
S Time (s)
> ool Vehicle Y-axis velocity
60
—&— Estimates
40 == True values
~200 4 204
w
L o
E
=300 4 —204
>
>
—-40
—400 - —60
T T T T T T —80 T T T T T T T T
50 100 150 200 250 300 0 5 10 15 20 25 30 35
X (m) Time (s)

Figure 13.7: Ezample 11: true value, measured values and estimates.

We can see a satisfying performance of the EKF. Although the filter is roughly
initiated at about 100 meters from the true position with zero initial velocity, it
provides a good position estimation after taking two measurements and a good

velocity estimation after taking four measurements.

Let us take a closer look at the vehicle position estimation performance. The following
chart describes the true, measured, and estimated values of the vehicle position
compared to the 95% confidence ellipses. We can see that the ellipses’ size constantly

decreases. That means that the EKF converges with time.

The following charts provide a zoom into the linear part of the vehicle motion and

the turning maneuver part.
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Vehicle Position Vehicle Position

50 4

—200 A
150

=250 ~

100
=300

250 300 100 150 200 250 300

X (m) X (m)

Figure 13.8: Ezample 11: true value, measured values and estimates - zoom.

We can see that at the linear part of the vehicle motion, the EKF copes with the
noisy measurements and follows the true vehicle position. On the other hand, during
the vehicle turning maneuver, the EKF estimates are quite away from the true vehicle

position, although they are within the 90% confidence ellipse bounds.
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Example 12 - estimating the pendulum angle

In this example, we estimate the pendulum angle #. The dynamic model of the
pendulum was derived earlier (section 12.3) in this chapter. Assume an ideal gravity
pendulum that consists of a body with mass m hung by a string with length L from
fixed support - the pendulum swings back and forth at a constant amplitude. We
want to estimate the angle 6 from the vertical to the pendulum. The angle units are

radians.

We measure the pendulum position z = Lsin(6,,).

z = Lsin(8,)

Figure 13.9: Pendulum position measurement.
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13.8.1 Kalman Filter equations

The state extrapolation equation

The state vector of the pendulum is in the form of the following:

T, = [9"] (13.74)

Where:
e 0, is the pendulum angle at time n

e 0, is the pendulum angular velocity at time n

As we've seen earlier, the dynamic model of the pendulum is non-linear (the second

type of non-linearity). It has the form of:

in-{—l,n = .f(a}n,n> (1375)

= | (13.76)

F(@nn) = | . ‘ (13.77)
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Jacobian derivation

We have already derived (section 12.3) the Jacobian for pendulum dynamic model:

— - [ a én,n + én;n,At a én,n + én,nAt ]

o) |98 op| 89

ox % dfs 9 <énn - %sz‘n(énm)At) 0 (énn - %sm(én,n)At>

a0 aé ~ =

) } i 00 o0 i
1 At
—%cos(énvn)At 1

(13.78)

The covariance exirapolation equation

The Covariance Extrapolation Equation is given by:

Of (&) 1, Of (#nn)”
P,.,= —P, . ’ 13.79
1 ox ’ ox +Q ( )
Where:
P,, is the estimate covariance matrix of the current state

P, is the predicted estimate covariance matrix for the next state

Of (Zn.n)
ox

Q is the process noise matrix

is the linearized State Transition Matrix

The estimate covariance is:

P— Pz DPai (13.80)
Pixz  Di

The elements of the main diagonal of the matrix are the variances of the estimation:

e p, is the variance of the angle 6 estimation

e p; is the variance of the angular velocity 6 estimation
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The process noise matrix

Attt AL
o 02 4 2|
Q= 2 o | = A o, (13.81)
rx x - AtQ
2
Where:

e At is the time between successive measurements

e 02 is a random variance in acceleration

The measurement equation

We measure the pendulum position: Lsin (6,,).

Since the state-to-measurement relation (the first type of non-linearity) is non-linear,

the measurement equation is a type of:

z, = h(x,) (13.82)

h (x,) = Lsin (0,) (13.83)

Jacobian derivation

We have already derived (section 12.3) the Jacobian for pendulum position measure-

ment:

oh [a(Lsm(en)) 9 (Lsin(0,))

P = g ] = [Lcos(@n) O] (13.84)

The measurement uncertainty

The measurement variance is:

R, = [02 ] —r (13.85)

Tm
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The Kalman Gain
The Kalman Gain in for EKF is given by:

on” !
Kn = Pn,n—l_ (

ox

T
Ohp OR ) (13.86)

_Pn n—149_" Rn
oz "oz *
Where:

K, is the Kalman Gain

P, ., is a prior estimate covariance matrix of the current state (predicted at the

previous state)

oh

— is the linearized Observation Matrix

ox

R, is the measurement noise covariance matrix

The state update equation
The State Update Equation is given by:

Tnn = Ton1 + K, (2 — R(Zpn-1)) (13.87)
Where:
Lym is the estimated system state vector at time step n
Typ—1 is the predicted system state vector at time step n — 1
K, is the Kalman Gain

h(&,,,—1) is the linearized Observation Matrix
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The covariance update equation

The Covariance Update Equation in a matrix form is given by:

P, = <I — Kna—h) P, (I — Kna—h)T +K,R,K" (13.88)
’ ox ’ ox
Where:
P,, is the estimate covariance matrix of the current state
P,, . is the prior estimate covariance matrix of the current state (predicted at the
previous state)

K, is the Kalman Gain
h(&,,—1) is the linearized Observation Matrix
R, is the measurement noise covariance matrix

13.8.2 The numerical example

The example parameters:
e The Pendulum string length: L = 0.5m

Gravitational acceleration constant: g = 9.8%3

Measurement Uncertainty (standard deviation): o, = 0.01m

Process Noise Uncertainty (angular acceleration standard deviation): o, = 1:%‘1

The following chart depicts the true angle and angular velocity vs. time (including

the process noise).

Pendulum True Angle

Theta (rad)

0.0 0.5 10 15 2.0 25
Time (s)

Pendulum True Angular Velocity

Angular Velocity (rad/s)
L b o b v W

0.0 0.5 10 15 2.0 25
Time (s)

Figure 13.10: Pendulum true position and velocity.

If you are curious about pendulum motion simulation, you can find mathematical
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derivations in Appendix E.

The process noise matrix @ is:

Attt AL
oy 0% 4 2|
Q = 0—2 0—2 = A 5 O'a (1389)
i & t
- A

The measurement variance R is:

R, =0, =0.01" (13.90)

x

The following table contains the set of the first 10 noisy measurements:

1 2 3 4 5 6 7 8 9 10

Lsin(6) 0.119 0.113 0.12 0.101 0.099 0.063 0.008 -0.017 -0.037 -0.05

Table 13.3: Example 12 measurements.

13.8.2.1 Iteration Zero
Initialization

We don’t know the pendulum angle, so our initial angle approximation includes an

error. We set the initial velocity to 0.

. 0.0873
€XT —=
0,0 0

Since our initial state vector is a guess, we set a high estimate uncertainty. The high
estimate uncertainty results in a high Kalman Gain by giving high weight to the

measurement.

5 0
P =
00 [0 5]

Prediction

A

In order to predict & we need to find find the &1 = f(&o,):

Tio=Ff(®oo)=1|. 4 = 9.8 ~ | —0.0854
fo.0 — Zsm(ﬁo,O)At 0— ﬁsm(o.0873) -0.05 —0.



13.8.2.2

13.8 Example 12 - estimating the pendulum angle 275

A

. Lo,0 .
Jacobian ———— calculation:
ox
O f (£00) I Al I 0.05 [ 1 0.05]
—a. = . = 9.8 =
Oz T os(l )AL 1 ———¢0s(0.0873) - 0.05 1 —0.9763 1
L ’ 0.5
Uncertainty propagation:
Of(@00)  (0F(@00)\
Zo,0 Zo,0 5.013 —4.631
Poy=—F—"PFP)| —| +Q=
ox ox —4.631 9.768
First lteration
Step 1 - Measure
The measurement values:
z1 = 0.119
Step 2 - Update
Observation matrix (h(21)) calculation.
h(z,) = Lsin(01) = 0.55in(0.0873) = 0.0436
. . . Oh(21,) .
Observation matrix Jacobian N calculation:
Oh(z, )
— = |Leos(0r0) 0| = 0.5c05(0.0873) 0] = |0.4981 0]
The Kalman Gain calculation:
Oh(@10)\ [ Oh(dro) [ Oh(d@ro)\ B
10 T10 10 2.0075
K, =P 7 P 7 R =
P ( ox > ox Y ( ox > o [—1.8548]

Estimate the current state:

0.2395
$11 =210+ K, (z; — h(z =
11 1,0 1 (z1 (Z10)) [—0.2261]

Update the current estimate covariance:

T

Oh(z1 ) Oh(Z1 ) 0.0004  —0.00037
P,=|I-K——|P,y|I-K—— K ,RKT =
b ( " ow o b ow FRERLT 00037 5480
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Step 3 - Predict

O+ éMAt 0.2395 + (—0.2261) - 0.05
Tog = f(@11) = . g . = 9.8
10 — sin(f1,) At ~0.2261 — 5=sin(0.2395) - 0.05
| 02282
1 —0.4586
. T .
Jacobian ————— calculation:
ox
1 At
8f(§:171) 1 0.05 [ 1 0.05]
—%cos(em)m . G 700s(0.2395) - 0.05 1 0952 1

Uncertainty propagation:

T
of(x17) of(21,1) 0.0141 0.274
P, =——p _
ot o “( oz Q= 00737 549

Second lteration
Step 1 - Measure

The measurement values:

zo = 0.113

Step 2 - Update
Observation matrix (h(23,)) calculation.

. . . Oh(zs,) .
Observation matrix Jacobian B calculation:
Oh(&s,) -

5% = |:LCOS(0271) 0] = 10.5c0s(0.2282) 0} = [0.487 O}

The Kalman Gain calculation:

T T -
Oh(Zy,1) Oh(Z2,1) Oh(Zy,1) 1.99
Kz =P ( oz > ( oz Pa oz RIS 38.74

Estimate the current state:
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. . . 0.228
Too = Xoy + Ko (20 — h(29,)) = [—O 463]

Update the current estimate covariance:

T
Oh(221) Oh (&) 0.0004 0.008
Po=|I-Ky——" P, |- Ky—~ K,RK! =
2,2 ( T Oz o > ox TR, 0.008 0.328
Step 3 - Predict
By + Oy AL 0.228 + (—0.463) - 0.05
§33,2 - f(i2,2) - . g — 9 8
00 — =sin(fy0) At —0.463 — —sin(0.228) - 0.05
2T ’ 0.5
| 0205
1 —0.684
. T2 .
Jacobian ———— calculation:
oz
Of (@22) 1 At ) 1 0.05 ) [ L 005
Oz —ZCOS(QAQQ)At 1 —ﬁcos(0.463) -0.06 1 —0.955 1

Uncertainty propagation:

T
Of (22,2) Of (22,2) 0.002 0.0236
Poo=——Po|—— | +Q=
0.0236  0.315

At this point, I think it would be reasonable to jump to the tenth Kalman Filter

iteration.

13.8.2.4 Tenth Iteration
Step 1 - Measure

The measurement values:

zZ10 — —0.05

Step 2 - Update

Observation matrix (h(2109)) calculation.

h(i?l()’g) == LSin(@lgvg) = —0.075
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Oh(Z199)

pre ) calculation:

Observation matrix Jacobian (

8’7,(3%1079)

A = [Lcos(em,g) 0} - [0.494 0]

The Kalman Gain calculation:

T T -1
Oh(Z199) Oh(Z199) Oh(Z199) 0.768
K,,=P : — P, — R =
10 10,9 < O O 10,9 O + 3 04
Estimate the current state:
—0.132
T = Z09 + K9 (210 — h(x =
10,10 10,9 10 (210 (Z109)) [—1.186]

Update the current estimate covariance:

T
8h(z?:1079) 8’1(12310,9)
PlO,lO - (I - KlOT P2,1 I — KlOT + KlORK%E)

1 . .
0.155 0.616  10°
0.616 9.58

Step 3 - Predict

é10710 + élOJOAt —0.191
i11,10 = f(e’i'lo,lo) = 2 q A - 1.057
B2 — Esm(@lo,lo)At o
of (x
Jacobian M calculation:
x
Of (Z1010) ! a _ [ I 0'05]
8w —%COS(éloJO)At 1 —0972 1

Uncertainty propagation:

af(if?m 10) 8f(§310 10) 0.243 0.976 .
Piiy = P Q= 10°
10 or 0T gy T 0.976 11.04
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13.8.3 Example summary

The following chart compares the true, measured, and estimated pendulum angles

for 50 measurements. (The measured angle is derived from the measured distance

z
0, = sin™* (f) ). The chart also includes the 95% confidence interval.

Pendulum Angle

03 =—o— Measurements
—8— Estimates

—— True values

95% confidence interval
0.2 4

0.1

0.0 4

Theta (rad)

0:0 0:5 1:0 1:5 2:0 2:5
Time (s)

Figure 13.11: Example 12: pendulum angle - true value, measured values and estimates.

The next chart compares the true and estimated pendulum angular velocity.

Pendulum Angle

03 =—o— Measurements
—&— Estimates
—— True values

95% confidence interval
0.2 4

0.1

0.0 4

Theta (rad)

0.0 0.5 1.0 15 2.0 2.5
Time (s)

Figure 13.12: Ezample 12: pendulum anglular velocity - true value, measured values and
estimates.
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Limitations of EKF

EKF performs well for many practical problems when f (x) or h (x) are close to

linear. However, it fails in highly non-linear regions.

The EKF concept is based on the linearization of the model. The EKF estimation
includes the linearization error. The linearization error depends on the non-
linearity degree of the function compared to the propagated uncertainty, as shown in

the following figure.

H!gh non-llngarlty —p High linearization error
High uncertainty

Low non-linearity ==p Low linearization error

=

High non-linearity

. > Low linearization error
Low uncertainty

Figure 13.13: Linearization Error.

Linearization error - 2D example

Let us see the effect of the linearization error on polar to cartesian transformation.
Assume a normally distributed random variable in polar coordinates. We want to
estimate the random variable parameters in cartesian coordinates. A distance vector
r and an angle 6 describe any value in the polar coordinates. In cartesian coordinates,
the values are described by x and y coordinates. The dependency between 7, 6, and

x, y is non-linear:

x=r-cos(f)
13.91
y=r-sin(0) ( )
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r - sin(@)

r - cos(0)

Figure 13.14: 2D example.

The random variable parameters (r, ) in polar coordinates are: u = [1 z} L0 =

0.05 05] .

We generate 1000 random points (samples) with normal distribution in polar co-
ordinates. Each sample represents a possible variable value in polar coordinates.
Then we transform all the samples from polar to cartesian coordinates. The random

variable distribution in polar coordinates is normal.

The plot on the left describes the random samples of the random variable in polar
coordinates. The right plot describes the random samples of the random variable in

cartesian coordinates after the transformation.

The ellipses on the plots represent the covariance of the random variable.

Random samples in polar coordinates Random samples in cartesian coordinates
12
3.0 .
10
254
x = r-cos(f)
0.8
2.0 — cJ
= r-sin(f
y COR
T 151 =
£ E o
>
@ 104
0.2
05 0.0
g random samples
004 : : - random samples 95| ™ true covariance
= covariance = EKF linearized covariance
0.85 0.90 0.95 100 105 110 115 -1‘00 =0.75 —0‘50 -0‘25 0.60 0.‘25 0.50 Uv‘75 1.60
r(m) x (m)

Figure 13.15: EKF linearized covariance.
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We can see a significant difference between actual and EKF linearized covariance.

The EKF linearized covariance includes a high linearization error.

The EKF yields a wrong estimation. The EKF estimation uncertainty is also relatively
low (the error ellipse is relatively narrow). The EKF is overconfident in a wrong

estimation!

A common alternative to the Extended Kalman Filter is the Unscented Kalman
Filter.

The following plot compares EKF and UKF linearized covariance for our example.

Random samples in cartesian coordinates

1.2 4
1.0
0.8 et
b
0.6 et
H .
LT
-g 0.4
>
0.2
00{ - random samples
— {rue covariance
-0.2{ == EKF linearized covariance
UKF linearized covariance

T T T T T
-1.00 —-0.75 —0.50 —-0.25 0.00 0.25 0.50 0.75 1.00
X (m)

Figure 13.16: EKF vs. UKF linearized covariance.

We can see that the UKF linearized covariance is much closer to the actual covariance

than the EKF linearized covariance.
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As we’ve seen in the previous chapter, when the State Transition model f(x) and
Observation model h(x) are close to linear, the EKF performance is satisfying.
However, when f(x) or h(x) models are highly non-linear, the linearization error
can cause estimations that are significantly different from the true value of the state

and estimation uncertainties that don’t capture the true uncertainties in the state.

The Unscented Kalman Filter is an alternative approach to linearization. While
Extended Kalman Filter treats the non-linearity using analytical linearization, the Un-
scented Kalman Filter performs Unscented Transform (UT) - statistical linearization

based on a set of rules.

Jeffrey Uhlmann initially proposed the unscented transform (UT) as a component of

his PhD thesis [18]; however, it is predominantly known from [§].
What is the meaning of the name “unscented”?

A running joke was made that “unscented” is a contrast to “scented,” meaning the

EKF performance is “stinky.”

UKEF creator Jeffrey Uhlmann explained that “unscented” was an arbitrary name he

adopted to avoid being referred to as the “Uhlmann Filter.”

“Initially, I only referred to it as the "new filter.“ Needing a more specific name,
people in my lab began referring to it as the "Uhlmann filter,” which obviously isn’t
a name that I could use, so I had to come up with an official term. One evening
everyone else in the lab was at the Royal Opera House, and as I was working, I
noticed someone’s deodorant on a desk. The word "unscented” caught my eye as the

perfect technical term.”
Jeffrey Uhlmann also says:

“What was most striking to people about the UT was not the accuracy so much as
the ease with which it could be implemented. There was no longer a need to derive a

linearized approximation which would then have to be coded up for use in the filter.”
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The Unscented Transform (UT)

The Unscented Transform is a method for calculating the statistics of a random

variable that undergoes a non-linear transformation [8.

The Unscented Transform includes three steps:

e Step 1 - Select a set of points from the input distribution. The points are
selected according to a specific, deterministic algorithm.

e Step 2 - Propagate each selected point through the non-linear function, pro-
ducing a new set of points belonging to the output distribution.

e Step 3 - Compute sigma points weights.

e Step 4 - Approximate the sample mean and covariance of the output distribution

using the propagated set of points and carefully chosen weights.

Step 1 - sigma points selection

The set of sigma points includes the mean and a certain number of points located at

a certain distance away from the mean.

Number of selected points

The number of selected points depends on the input distribution. The N — dimensional
random variable is approximated by 2N +1 points. For a one-dimensional distribution
(N = 1), the number of points is 3. For a two-dimensional distribution (N = 2), the

number of points is 5.

Selected points location

The first point is the mean of the input distribution:

X0 =g, . (14.1)

n,n

The superscript in parentheses of XTE?)L is a sigma point number.

Reminder: In “Kalman Filter language,” the mean of the input distribution is the
current estimate &, ,, and the uncertainty of the input distribution represented
by the covariance matrix of the current estimate P,,. The main diagonal of the

covariance matrix includes variances for each dimension (0., 0y,).

The other points are located at a certain statistical distance from the mean. The
statistical distance is a distance measure for probability distributions. In other words,
the statistical distance is expressed in terms of standard deviation or sigma (o). For

this reason, the selected points are called the Sigma Points, and the Unscentenced
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Transform is sometimes called the Sigma point transform.

The other sigma points location is:

Xéf%:ﬁ:n,n+( (N—FH)sz)‘, i=1..- N
A Z (14.2)
Xéf%::&n,n—< (N—f—fi)Pmn) =N+l .2N
i—N
Where:

N is the number of dimensions
K (the Greek letter kappa) is a tuning parameter

( (N + k) Pn7n> is the i’ row or column of the matrix square root of

(N + k)P,

For Gaussian distribution, the rule of thumb is to set: N + x = 3.

The sigma points should be chosen so that they capture the most important statistical

properties of the prior random variable & |9).

It is time for some numerical examples.

Example: one-dimensional random variable

Assume a zero-mean normally distributed one-dimensional random variable with a
standard deviation of 2: &, , = 0,p,, =2

e The number of dimensions: N =1

e The number of sigma points: 2N +1 =3

e Set: N+rx=3

0

e The first point is the mean of the input distribution: X,M
e The second point: X} = T + ( (N + k)P, > =0+ (\/3 > = 3.46
e The third point: X,) = ( (N + k)P, ) =0- ( 3- 22> = —3.46

e The following figure describes the random variable PDF with sigma points (red

circles)
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-4 -2 0 2 4

xn,n - pn,n Xnn Xnn + Pnn

Figure 14.1: 1D RV Sigma Points.

The Unscented Transform sigma points are not necessarily on the standard deviation

boundaries.

14.1.1.4 Example: two-dimensional random variable

Let us continue the polar to cartesian transformation example from section 13.9.

1 1
"-%nn = =
’ T [1.57]
9

I 2
P 0.05 0 _ 0.0025 0
’ 0 0.25

Finding the sigma points:

e The number of dimensions: N = 2
e The number of sigma points: 2N +1=5
o Set: N+kx=3

The first point is the mean of the input distribution: Xé?,)z =

1
1.57

In order to find the other points, we should compute: /(N + &) P,
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0.0025 0 0.0075 0
- (s o] [P o]

0 0.25 0 0.75

We need to find the square root of the matrix. Luckily, the covariance matrix is
positive and semi-definite; therefore, we can use Cholesky decomposition (section 11.2)

to find the square root.
(N +k)P,, =LL"

L is a lower triangular matrix:

l 0
I — 11
121 l22
lll =+\/P11 =V 0.0075 = 0.0866

P 0

= = =0
l;7 0.0866
122 == P22 — l%l =V 0.75 — 02 = 0.866

L, _ [00866 0
| 0 0.866

We can compute it faster with computer software packages:

121

Python example:

1 import numpy as np
2 P = np.array([[0.0075, 0], [0, 0.75]1)

3 print (P)
+ [[0.0075 O. ]
s [0. 0.76 1]

7 L = np.linalg.cholesky(P)
s print (L)

o [[0.08660254 0. ]
0 [o. 0.8660254 1]
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MATLAB example:

P

[0.0075 0; O 0.75]

‘P=

0.0075 0
0 0.7500
5 L = chol(P)?

0.0866 0
0 0.8660

1 0.0866
The second point: X,E%Z =y, + ( (N + K) an) = . 57] + [ 0 ] —
1 .

1.0866
1.57

1 0
The third point: X,(LIQL = Ty + ( (N + k) an)1 = ] + [ ] —

1.57 0.866
1
2.436

1 0.0866
The fourth point: X\, = Ty + ( (N + k) Pn’n) = — =
1 1.57 0

1.57

0.9134]

1 0
The fifth point: X)) = @&, + ( (N + ) pm) _ _ _
L |157] |0.866

1
0.704

The following figure describes the covariance ellipse of the random variable PDF

with sigma points (red circles).
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0 (rad)
L ]
®

0.925 0.950 0.975 1.000 1025 1050 1075
r(m)

Figure 14.2: 2D RV Sigma Points.

The Unscented Transform sigma points are not necessarily on the covariance ellipse

boundaries.

14.1.2 Step 2 - points propagation

Propagate each selected point through the non-linear function, producing a new set

of points belonging to the output distribution.

14.1.2.1 Example: one-dimensional random variable - continued

The non-linear function is:
f(z) = sin(2x)sin(0.3x) + 2z
Xn+l,n = f (Xnn)

The propagated (or transformed) sigma points:
X\, = sin(2-0)sin(0.3-0) +2-0=0

X, = sin(2 - 3.46)sin(0.3 - 3.46) + 2 - 3.46 = 7.45

X, = sin(2 - (~3.46))sin(0.3 - (—3.46)) + 2 - (~3.46) = —6.41
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xn+1.n = f(xn,n)
1

Figure 14.3: 1D RV Sigma Points propagation.

The green line on the left plot is the PDF of the input random variable. The red

circles on the left plot are the sigma points (&}, ,,) of the input random variable.

The green line on the right plot is the PDF of the input random variable after the
non-linear transformation. The red circles on the right plot are the sigma points

after the non-linear transformation (X,41.,).

Example: two-dimensional random variable - continued

The non-linear function is:
x| |r-cos(0)
yl  |rsin(6)
Xn—l—l,n - f (Xn,n)

The propagated (or transformed) sigma points:

1-cos(%) 0
O () — 2/ _
n+1,n f ( n,n) _1 . szn(%) 1
Xﬁr)l _ (X,El,i) _ | 1.0866 - c?s(lzr) _ 0
’ ™ [1.0866 - sin(%)| | 1.0866

X(Q)

_1 - c0s(2.436
@ g = | et 3

1- sin(2.436

|

~[-0.762
| 0.648
_0.9134~cos( )

ol | o
0.9134 - sin(%) 0.913

[1-cos(0.704)]  [0.762
1-5in(0.704) | [0.648

X = (A00) =
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Xnsin = F(Xnn) A
. ) ¢

Figure 14.4: 2D RV Sigma Points propagation.

The green shape on the left plot is the covariance ellipse of the input random variable.
The red circles on the left plot are the sigma points (X, ,) of the input random

variable.

The green shape on the right plot is the covariance ellipse of the input random
variable after the non-linear transformation. The red circles on the right plot are the

sigma points after the non-linear transformation (X,41,,).
Step 3 - compute sigma points weights
We should compute two weights:

e wy - weight of the first sigma point (Xé%)

e w; - weight of the other sigma points (Xé’ﬂ) , >0

wo = K/(N + K)

(14.3)
w; =1/2(N + k), i>0

Step 4 - approximate the mean and covariance of the output
distribution

In this step, we approximate the sample mean and covariance of the output distribu-

tion using the propagated set of points and carefully chosen weights.

The mean of the output distribution:

2N
Zogin = Y Wik, (14.4)
=0
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The covariance of the output is also computed with weights:

; T
Priin = Zwl( ntln zi:n+1,n) (Xﬁm - inﬂ,n) (14.5)

Let us complete our examples.

14.1.4.1 Example: one-dimensional random variable - continued
Weights computation:

e The number of dimensions: N =1

wo=r/(N+k)=2/3
w; =1/2(N + k) =1/(2-3) = 1/6

Mean computation:
Epy1n = sz ) =2/3-041/6-7.45+1/6 - (—6.42) = 0.17
Covariance computation (in the one-dimensional case, it is variance):
, T
n+1 n sz ( n+1,n in—l—l,n) (Xrgll,n - in—o—l,n)

—=2/3-(0—0.17)2+1/6 - (7.45 — 0.17)2 + 1/6 - (—6.42 — 0.17)2 = 16.06

The following plot depicts the output random variable after the Unscented Transform.

-10 -5 0 5 10

Xn+in — Pn+in Xn+1n Xn+1n + Pnsin

Figure 14.5: 1D RV Unscented Transform.
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The green line is the PDF of the input random variable after non-linear transformation.

The red circles are the sigma points after the non-linear transformation <X£21n>

The blue line is the PDF of the output random variable after the Unscented Transform.

14.1.4.2 Example: two-dimensional random variable - continued
Weights computation:
e The number of dimensions: N = 2
e N+x=3
e k=1
wo=k/(N+k)=1/3
w; =1/2(N+k)=1/(2-3)=1/6

Mean computation:

0 —0.762
+1/6 +1/6
| 1.0866 0.648

0 0.762 0 |
+1/6 -
0.913 0.648 0.8826

Covariance computation:

2N A 0
aAgn-l—l,n - szxéﬁl,n = 1/3
=0

+1/6

Z . pro; 5 T
n+1 n = ws n+1 n — Ln+ln nt+ln — Lnt+ln

155 ([ o)) (1]~ o]
()~ ()
o ([ [l ) (] o)

()] (b2 b))
(e [ (e R )

[0 o

0 0.03

We can compute the mean and covariance more elegantly:
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e Define a matrix (container) of transformed sigma points:
Xntin = |:X7$,[-)&-)1,n Xﬁr)l,n Xrgij\lf)n]

e Define a vector of weights:
w = [wo wy ---sz}

e Mean computation:

in-{—l,n = Apt1,,W ) ~
13
1/6
. 0 0 —0.762 0 0.762 0
Lp+in = ]./6 =
1 1.0866 0.648 0.913 0.648 1/6 0.8826
1/6]

e Covariance computation:

Pn+1,n - (Xn-i-l,n - i’n—l—l,n) : dlag(“’) : (Xn-‘rl,n - j"n-ﬁ-l,n)T

R 0 0 —0.762 0 0.762 0
(Xn-i-l,n - wn—l—l,n) — -
1 1.0866 0.648 0.913 0.648 0.8826
[o 0o -om2 o 0762
0.117 0.204 —-0.235 0.03 —0.235

/3 0 0 0 0
0 16 0 0 0
0 0 —0.762 0  0.762
P, = 0 0 1/6 0 0
0.117 0.204 —0.235 0.03 —0.235
0 0 0 1/6 0
0 0 0 0 1/6
[0 0.117 |
0 0.204
0.193 0
x | —0.762 —0.235 :[ ]
0 0.03
0 0.03
| 0.762  —0.235]

The following plot depicts the output random variable after the Unscented Transform.
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114

1.0 4

0.9 1

y (m)

0.8 1

0.7 §

-0.8 —-0.6 —-0.4 -0.2 0.0 0.2 0.4 0.6 0.8
x (m)

Figure 14.6: 2D RV Unscented Transform.

The green shape is the covariance ellipse of the input random variable after the
non-linear transformation. The red circles on the right plot are the sigma points

after the non-linear transformation (Xﬁl’n).

The blue ellipse is the covariance ellipse of the output random variable after the

Unscented Transform.

14.1.5 Unscented Transform summary

The Unscented Transform is a method for calculating the statistics of a random

variable that undergoes a non-linear transformation.
The Unscented Transform includes three steps:

e Step 1 - Select a set of points from the input distribution.
— The set of sigma points includes the mean and a certain number of points
located at a certain distance away from the mean.

— The N — dimensional random variable is approximated by 2N + 1 points.
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Sigma Points Selection

. 9N

(14.6)

Where:

N is the number of dimensions

k (the Greek letter kappa) is a tuning parameter

( (N + k) Pn,n) is the i row or column of the matrix square root of

(N+ k)P,

For Gaussian distribution, the rule of thumb is to set: N + xk = 3.

e Step 2 - Propagate each selected point through the non-linear function, produc-

ing a new set of points belonging to the output distribution.

Sigma Points Propagation

Xntin = F (An) (14.7)
e Step 3 - Compute sigma points weights.
Sigma Points Weights
wo = K/(N + k)
(14.8)
w; = 1/2(N + k), i>0

Where:
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wo - weight of the first sigma point (Xé%)
wy - weight of the other sigma points (Xq%) , >0

e Step 4 - Approximate mean and covariance of the output distribution:

Mean and covariance of the output distribution
2N A
ﬁgn-{—l,n - szxqg?_l,n
=0
(14.9)
2] . . T
Pn+1,n = Zwi <X7521,n - ﬁjnJrl,n) (Xéii)-l,n - zAcn+1,n>
=0
Where:
Xn—i—l,n - |:X7s(—)&—)l,n X’rg}i-)l,n e X’rgi—]\lf,)n]
(14.10)
w = |:w0 wl w2N:|

14.2 The UKF algorithm - Predict Stage

Like the Linear Kalman Filter, UKF operates in a “predict—correct” loop. We start
with the prediction stage.

Extrapolate the current estimate to the text state using the Unscented Transform:

"Bn,n — "EnJrl,n

Pn,n — Pn—‘rl,n

The following table compares the LKF and UKF predict stage equations:
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N
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= : —
+
Loz &
[ I |
. ce s
o
o =
" A ~
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8 8 7
g g
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e & |
+ + 2
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& =T 3
~_ ~ = = ~—
g > 3
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N A AL
| | | I I I
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4=z = o= 301 %
- < < < < 5 A
«
+
~
<3
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€3 €3
I I
g g
< T3
= | A

Table 14.1: LKF and UKF predict stage equations.

14.3 Statistical linear regression

Before proceeding to the update stage (section 14.4), we must understand the

statistical linear regression concept [10], [11].

Consider a non-linear function y = g(x) evaluated in r points (X, V), where
YO = g (X0).

Define:
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T = _E (i) (@)
T . X Mean of X
b= _E (i) M @)
Y= ‘ N% ean of
P, " E (X a:) (X :c) Variance of X

P, = ;Z (YD —7) (Y — y)T Variance of )

P, = ;Z (X @) — E) (y@') — ﬂ)T Cross-variance of X and Y

P, = ;Z (YO —g) (2O — E)T Cross-variance of Y and X

i=1

Table 14.2: Definitions.

We want to approximate the non-linear function y = g(x) by a linear function

y=Mx+b.

The linear approximation produces linearization error. For each point X, the

linearization error is given by:

e =y _ (Mgg(i) + b)

(14.11)

To minimize the linearization error, we should find M and b that minimize the sum

of squared errors for all X points:

T

iy > (e7e)

The solution of Equation 14.12:

M =P!P; =P, P}

zy® xx

b=z- Mz

The derivation of Equation 14.13 is shown in Appendix F.

(14.12)

(14.13)
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The UKF algorithm - Update Stage
State update

After a unit delay the X4, becomes &), ,,_1 , and &,11, becomes &, ,_1.

Using the Unscented Transform, transfer the state sigma points (A}, ,—1) to the

measurement space (Z) using the measurement function h(x):

Zy = h (X0 1) (14.14)
2N

Z =Y wZ (14.15)
=0

Update estimate with measurement:

State Update

in,n = zAcn,nfl + Kn (zn - En) (1416)

Kalman gain derivation

The Kalman Gain (K,,) transforms the innovation (z, — Z,) and the measurement

covariance (P,,) from the measurement space to the system space using linearization:
innovation = (M z, + b) — (MZz, +b) = M (z, — Z,) (14.17)
Since the Kalman Gain performs a linear transformation, it produces linearization

errors. We want to minimize the linearization errors using the statistical linear

regression method. Therefore, the Kalman gain is given by:

Kalman gain

K,=M=P,. (P,)"' (14.18)

Compute the weighted variance of the measurement (P, ) and cross-covariance of

the state and the measurement (P,., ):
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Weighted variance and cross-covariance

2N ) ‘ T
P,=Y w (Zﬁf’ - zn) (Z,(J) - En> +R,
=0
(14.19)

2 . . T
P, = Zwi (9452—1 - CA':n,n—1> (Zf(ll) - En)
1=0

14.4.3 Covariance update equation

The covariance update equation is given by:

Covariance update equation

Pn,n = In-1n — Kanan; (1420)

The following is a derivation of the covariance update equation.

Table 14.3: Covariance Update Equation derivation.

Equation Notes

P,, = E(e,el)

n

A R Estimate Covariance
= E((mn - mn,n)(mn - wn,n)T>

Plug 'r'%n,n = "in,nfl + K, (zn - En)

Continued on next page
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Table 14.3: Covariance Update Equation derivation. (Continued)

= < (mn - é\:n,n71> (ajn - d\:n,nfl)T

~ @0 = Ent) (K (20~ )"

Expand
_Kn (Zn - En) (mn - jn,n—l)T
+ K, (20— Z0) (Ko (20 — Z,) )T)
— Inn-1
~E( (@0~ B 1) (Kn (20— 7)) P

= E( (wn - in,n71> (wn - i"v”fl)T)

Apply the matrix transpose
property: (AB)" = BT AT

Factor out: K, (2, — Z»)

Plug: Kn (zn - 277,) =T, — jn,n—l

Continued on next page
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Table 14.3: Covariance Update Equation derivation. (Continued)

n,n—1

Remove zero term
—E((2n — Zpp1) (20 — Z,)" KT

n

Pn,n = I'nn-1— szan Pa:z = E((wn - *fijn,n71> (zn - En)T>

K, = Pﬂczn (Pzn)il

Pn,n = I'nn-1— Kanan
Pa:zn = Kann
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14.5 UKF update summary

The following table compares the LKF and UKF update stage equations:

0=?

0Z .@S”W ="l

N¢C

() y =tz

DU+
+ (HY-1)"g (=" -1)=""d

Aﬂ\ﬁiﬂ\.m o :Nv :;MN + H\:i@. — uugp

(T HY I H) X H T =

A3

dMT

Table 14.4: LKF and UKF update stage equations.
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14.6 UKF algorithm summary

The following diagram describes the UKF algorithm.

INITIALIZE COMPUTE WEIGHTS G
Input: Input: _ Input: Input:
Estimate Uncertainty System State wo = x/(N +x) Measurement Measured
Initial Guess Initial Guess w; = 1/2(N + k) Uncertainty Value
E EG.D Wyt E Wo Zy
i Pao wii l Zon  Pan iw o
+ v v
PREDICT UPDATE
(0) =
Xpiin Xnn Z, = h(‘xmn—‘l)
o . — 2N
Xpiin = Enpn +(\\I{~N+K]P|m)[- i=1,-.,N o, = Zwi_zﬂni)
(i+1) X - T
i+1) o o | 2 i i —
xn—l.n = Xnn Lvl N+ h)Pn.n) [=N+1,,2N Pzn = Zw,- (Z,E:) — #Zn) (Z.E:) — Zn) +R,
i—N =
2N .
_ (i) = D) _ 5
Xpisn = F(Xr) Prry = D W (00 s = ) (21 —20)
=]
-1
N K, = szn(Pzn)
ir.+L.n - Z w; x‘):‘;‘l n
. Rop = Ryt + K2~ Z,)
_ . (i) o (i) — % A
Pn—l.n - ;”i (xnfi‘n xn+l J!) (xnfyn xn+1.n} + Q Pn‘“ _ Pﬂm_1 _ Knpgn’(?;
fn+1.n inlﬂ_l
[ S Unit Delay Xpn—1
(n — n-1)

Figure 14.7: UKF algorithm diagram.
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14.7 Example 13 - vehicle location estimation using radar

This example is identical to example 11 (section 13.7) with one difference. We use

UKF instead of EKF.

The state transition matrix F', the process noise matrix Q, the measurement covari-

ance R, and the measurement model h(x) are similar to example 11 (section 13.7).

(1 At 05A£2 0 0 0 110500 0
01 At 0 0 0 01 1 00 0
p_ |00 1 0 0 0 | 00 1 00 0
0 0 0 1 At 05A# 00 0 11 05
0 0 0 0 1 At 00 0 01 1
0 0 0 0 0 1 | |00 0 00 1|
(At A8 AR - | (11 - 0-
4 2 2 4 2 2
At? 1
“ A2 At 0 00 ~ 1100 0
9 9
At? 1
- At 10 0 0 5 11000
Q= o2 = 0.22
OOOAt4At3At2 000111
4 2 2 4 2 2
At? 1
0 0 0 — A2 At 000 — 11
9 2
0 0 0 At At 1 00 0 ! 11
- t _
i 2 | i 2 i
z, = h(x,)
¥ tcm_lg
X

R o2 0] _[3* 0
0 o2 0 0.00872
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The numerical example
The radar measurements are also identical to example 11 (section 13.7):
1 2 3 4 5 6 7 8
r(m) 502.55 477.34 457.21 44294 427.27 406.05 400.73  377.32
p(rad) -0.9316 -0.8977 -0.8512 -0.8114 -0.7853 -0.7392 -0.7052 -0.6478
9 10 11 12 13 14 15 16 17
360.27 34593 333.34 328.07 31548 301.41 302.87 304.25 294.46
-0.59  -0.5183 -0.4698 -0.3952 -0.3026 -0.2445 -0.1626 -0.0937 0.0085
18 19 20 21 22 23 24 25 26
294.29  299.38  299.37 300.68  304.1  301.96  300.3 301.9 296.7
0.0856  0.1675  0.2467  0.329  0.4149 0.504 0.5934  0.667  0.7537
27 28 29 30 31 32 33 34 35
297.07 29529 296.31 300.62 2923  298.11 298.07 29892  298.04
0.8354 0.9195 1.0039 1.0923 1.1546 1.2564 1.3274 1.409  1.5011

Table 14.5: Example 13 measurements.

UKF parameters computation

e The number of dimensions: N = 6

e The number of sigma points: 2N + 1 = 13

e The input variable distribution is Gaussian: N +x =3 = xk = —3

Weights Calculation

wo =K/(N+k)=—-1
wy; =1/2(N + k) = 1/6,

1 >0

w=|-1 1/6 1/6 1/6 1/6 1/6 1/6 1/6 1/6 1/6 1/6 1/6 1/6]



308 Chapter 14. Unscented Kalman Filter (UKF)

o olR O

(@) = O

e} | = O

@) D= O

0O 00 0 O0O0O0OO0OO0OO0O0 5

14.7.1.2 Ilteration Zero
Initialization

The filter initialized to the same values: (Zgo = 400m, go,o = —300m). Initial velocity

and acceleration are 0.

400
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(500 0 0 0 0 0]

0 50 0 0 0 0

0 0 500 0 0
PO,O —

0 0 0 50 0 0

0O 0 0 0 500 0

0O 0 0 0 0 500
Prediction

Sigma points computation

400

500 0O 0 0

VIN+R) Py= |3

o o O O O
o O O o O

0 0 0 500

We can use the Cholesky decomposition:

The manual computation of Cholesky decomposition is quite tedious. I provide here
Python and MATLAB examples.
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Python example:

I import numpy as np

2

3

4

19

20

N
¥]

23

3*np.diag(np.tile (500,6))

0 0

0 0
1500 0

0 1500

0 0 150

0 0

np.linalg.cholesky (P)

P =
print (P)
[[1500 0

[ 0 1500
[ 0 0
[ 0 0
[ 0 0
[ 0 0
4L =
print (L)

[[38.72983346 0.

[ 0.
38.72983346]]

]

38.72983346

0.

0
0
0
0
0
0

0]
0]
0]
0]
0]
15001]

0.

38.72983346

0.

38.72983346

0.

38.72983346
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MATLAB example:

P = 3xdiag(repmat (500,1,6))
P =
1500 0
0
0 1500
0
0 0
0
0 0
0
0 0
0
0 0
1500
L = chol(P)’
L =
38.7298 0 0
0 38.7298 0
0 0 38.7298
0 0 0
0 0 0
0 0 0
1 a
Xs8 = ®oo + ( (N + k) 130,0)1 =

XO(,QO) = @070 + <\/ (N + K) P070>2 =

0 0 0
0 0 0
1500 0 0
0 1500 0
0 0 1500
0 0 0
0 0 0
0 0 0
0 0 0
38.7298 0 0
0 38.7298 0
0 0 38.7298
200 | [38.73]  [438.73]
0 0 0
0 ol | o
—300 o | | =300
0 0 0
o] o] | o]
200] [ o 1 [a00]
0 38.73 38.73
0 ol | o
—300 0 | |=300
0 0 0
0 0 0
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Similarly, we can compute X()(%)> e ,Xéf)).
(400 | [38.73]  [361.27]
0 0 0
0 0 0
x0 = 3 _<\/N+/~;P>: — =
00 = Zo0 ( ) Poo), —300 0 —300
0 0 0
0 0 0
400 ] [ o ] [ 400 ]
0 38.73 —38.73
0 0 0
x® — 2 —( N+/~9P)— - =
0,0 0,0 ( ) Poo ) —300 0 —300
0 0 0
i 0 | i 0 | i 0 ]
Similarly, we can compute Xo(,%), e ,XO(}OZ).

Now, stack all sigma points in a matrix:

400 438.73 400 400 400 400 400 361.27 400 400 400 400 400
0 0 3873 0 0 0 0 0 —38.73 0 0 0 0
X = 0 0 0 38.73 0 0 0 0 0 —38.73 0 0 0
0,0 — | =300 —300 —300 —300 —261.27 —300 —300 —300 —300 —300 —338.73 —300 —300
0 0 0 0 0 38.73 0 0 0 0 0 —-38.73 0
0 0 0 0 0 0 3873 0 0 0 0 0 —38.73

Points propagation

Propagate each selected point through the non-linear function, producing a new set

of points belonging to the output distribution.
Xio = f (X0)
Since the dynamic model is linear, we can write:

Xio=FXyo

400 438.73 438.73 419.36 400 400 400  361.27 361.27 380.64 400 400 400
0 0 38.73 38.73 0 0 0 0 —38.73 —38.73 0 0 0
0 0

X o = 0 0 0 38.73 0 0 0 0 —38.73 0 0

1,0 — | =300 —300 —300 —300 —261.27 —261.27 —280.64 —300 —300 —300 —338.73 —338.73 —319.36
0 0 0 0 0 38.73  38.73 0 0 0 0 —38.73 —38.73
0 0 0 0 0 0 38.73 0 0 0 0 0 —38.73

Mean and covariance computation
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T10 = Xl,ow =

Py = (X1o— Z1p) - diag(w) - (X1 — Cel,o)T +Q

[1125.01  750.02 250.02 0 0 0 |
750.02  1000.04 500.04 0 0 0
25002 50004 500.04 0 0 0
o 0 0 1125.01 750.02 250.02
0 0 0 750.02 1000.04 500.04

0 0 0 250.02 500.04 500.04]

First Iteration
Update

Using the Unscented Transform, transfer the state sigma points &} o to the measure-

ment space Z using the measurement function h(x):
Zl =h (XI,O)

In order to compute Z;, we perform elementwise operations between the first row
of X that represents the x position (X (1,:)) and the fourth row of &) that
represents the y position (& (4,:)):

2
Vo (12 + Xip (4,)
Zy = h (&) = 12(1,0 (4,7)
tan= " ———
XI,O (1, Z)
Z, = [ 500 031 49 531.49 515. 62 477.77 477.77 488.63 469.59 469.59 484.65 524.15 524.15 511.85
1—1-064 —06 -0.6 —0.62 —0.58 —0.58 —0.61 —0.69 —0.69 —0.67 —0.7 —0.7 —0.67

Multiply Z; by weights.

501.13
2L=fw= [ 064]

Compute covariance at the measurement space:
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P, = (21— =) diag(w) - (2, —%1)' + R=

1146.7 0.0039
0.0039 0.0046

Compute the cross-covariance of the state and the measurement:

[ 899.1 1.35]
5095 0.9
199.95 0.3
6738 1.8
_449.3 1.2
~149.9 0.4

szl = (XI,O — il,O) . dl(lg(’ll)) . (Zl — El)T =

Compute the Kalman gain:

[ 0.78  293.6]
0.52  195.6
0.17  65.1

~0.59 392
~0.39 261.3
013 87

K, = szl (P21)_1 -

Update estimate with measurement:

[ 316.5 |
—55.6
~185
~413.8
—75.8

| -25.23

T =210+ Ky (21 —Z1) =

Update covariance of the estimate:

235 157 53 —12 —0.63 —0.046]
157 5105 3369 —0.55 —0.26 0.024
53 3369 4457 0.065 0.08  0.063
12 —0.55 0.065 2203 147 4.9

~0.63 —0.26 0.08 147 509.8 336.6
| -0.046 0.024 0063 49 3366 455.6 |

P, =P,y—-KP,K| =

Predict

Sigma points computation
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[ 316.5 ]
_55.6
~185
4138
758
~95.23

To find other sigma points, we should compute the square root:

[ 235 157 53 —12 —0.63 —0.046]
15.7  510.5 336.9 —0.55 —-0.26 0.024
5.3 336.9 445.7 0.065 0.08  0.063
(N + :‘i) P171 = 3
—1.2  —=0.55 0.065 22.03 14.7 4.9
—0.63 —0.26 0.08 14.7 509.8 336.6
\ _—0.046 0.024 0.063 4.9 336.6 455.6 |
We can use the Cholesky decomposition:
Python example:
1 import numpy as np
L = np.linalg.cholesky (3%P)
5 print (L)
[[ 8.3955 O. 0. 0. 0. 0. ]
[ 5.6205 38.7305 0. 0. 0. 0. ]
[ 1.8971 25.8212 25.8203 O. 0. 0. ]
[-0.4253 0.0194 0.0194 8.1189 0. 0. ]
[-0.2251 0.0129 0.0129 5.4145 38.7305 0. ]
[-0.0165 0.0043 0.0043 1.8067 25.8212 25.8203]]
MATLAB example:
L = chol (3%P)”
L =
8.3955 0 0 0 0 0
5.6206 38.7305 0 0 0 0
1.8971 25.8212 25.8203 0 0 0
-0.4253 0.0194 0.0194 8.1189 0 0
-0.2251 0.0129 0.0129 5.4145 38.7305 0
-0.0165 0.0043 0.0043 1.8067 25.8212 25.8203
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[ 3165 | [ 84 | [324.92]
—55.6 5.62 ~50
—18.5 1.9 —16.6
xY = & +< N+f<P)— + =
1,1 1,1 ( ) Py —413.8 —0.43 —414.2
—75.8 —0.23 —76.06
—25.23 —0.02 —25.3
(3165 ] [ o | [3165]
—55.6 38.7 ~16.9
~185 25.8 7.3
X3 =2+ (VTR P = + =
11 11 ( ) Piy 2 |—-413.8 0.02 —413.8
—75.8 0.012 —75.8
—25.23 0.004 —25.3
Similarly, we can compute Xl(i), e ,X1(,61)-
[ 3165 | [ 84 ] [3081
—55.6 5.62 —61.24
—185 1.9 —20.4
x0 = 3 —( N+/<;P>: - =
1,1 11 ( ) Pry 1 _413.8 —0.43 —413.3
—75.8 —0.23 —75.6
|-25.23|  |-0.02] [-25.25
(3165 [ o | [31652]
—55.6 38.7 —94.35
185 925.8 —44.3
x® — 3 —( N—{—/@P): - =
0,0 0,0 ( ) Poo 9 —413.8 0.02 —413.8
—75.8 0.012 —75.9
—925.23 0.004 —25.3
Similarly, we can compute Xl(?l), e ,Xl(,lf).

Now, stack all sigma points in a matrix:

316.52 324.9 316.52 316.52 316.52 316.52 316.52 308.13 316.52 316.52 316.52 316.52 316.52

—-55.63 —50 —16.9 —55.63 —55.63 —55.63 —55.63 —61.24 —94.35 —55.63 —55.63 —55.63 —55.63

X1 = —18.5 —16.6 7.31 731 —185 —185 —-185 —204 —-44.3 —-443 -—185 —185 —185
1,1 — | —413.8 —414.2 —413.8 —413.8 —405.7 —413.8 —413.8 —413.8 —413.8 —413.8 —421.9 —413.8 —413.8
-75.8 —-76.1 —-758 -758 -70.4 -37.1 -758 —-75.6 —758 —-758 —81.3 —114.6 —75.8

—-25.3 —26.3 —-25.3 -253 -—235 055 055 —253 -—-25.3 -—-253 -—27.1 -51.1 -51.1

Points propagation

Propagate each selected point through the non-linear function, producing a new set
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of points belonging to the output distribution.

Xog = f (X11)
Since the dynamic model is linear, we can write:

Xo1 =FX

251.6 266.6 303.3 264.6 251.6 251.6 251.6 236.7 200 238.8 251.6 251.6 251.6

—-74.1 —66.6 —9.6 —483 -T4.1 -741 -741 -—81.7 —138.7 —100 —74.1 —-74.1 —74.1

X = —185 —16.6 7.3 73 —185 —-185 —185 —204 —-443 —443 -—185 -—-185 —185
2,1 — | =502.2 —502.9 —502.2 —502.2 —487.8 —450.6 —489.3 —501.6 —502.2 —502.2 —516.7 —553.9 —515.15
-101.1 —-101.3 —101.1 —101.1 —-93.8 —36.55 —75.3 —100.9 —101.1 —101.1 —108.3 —165.7 —126.9

—25.3 —25.3 —-25.3 —-25.3 —-234 055 055 —253 -—25.3 —253 -27.1 —-51.1 —51.1

Mean and covariance computation

[ 251.6 |
741
185
~502.2
~101.1

| —25.3

Ta1 = qu =

Py = (Xoq1 — Xay) - diag(w) - (Xoq — 532,1)T +Q

(1019.1 1259.8 565 —2.54 —0.84 0.009]
1259.8 1630 782.6 —0.6 —0.09 0.09
565.1 782.6 4457 017 014  0.06
954 —0.61 0.18 10141 1257.1 564.3
—0.84 —0.09 0.14 1257.1 1628.6 782.2
(0009 —0.00 006 564.3 7822 4456

Next lterations

I want to encourage the readers to implement this example in software and compare

results.

The results of the second iteration:

[ 316.2
~5.99
17.48

—376.84
54.5
44.6
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2497 309 138 0.8 1.02 0.6
309 111 101.2 1.05 —-0.85 —0.56
13.8 101.2 140 054 —-0.68 —-04
0.8 1.05 054 25,7 319 14.35
1.02 —-0.85 —0.68 31.9 109.8 100.5

| 06 =056 —0.4 14.35 100.5 139.6 |

The results of the last (thirty-fifth) iteration:

[ 20.87 ]
~95.94
X —0.84
T35 = 9984
2.56
~1.8 |
(41 172 036 095 031 0.04]
172 1.3 038 017 02 0.04
0.36 0.38 0.16 —0.01 0.03 0.008
P35,35*
0.95 0.17 —0.01 12.05 4.01 0.72
0.31 0.2 003 401 228 0.56
0.04 0.04 0008 0.72 056 0.19

14.7.2 Example summary

Figure 14.8 demonstrates the UKF location and velocity estimation performance.

The chart on the left compares the true, measured, and estimated values of the
vehicle position. Two charts on the right compare the true, measured, and estimated

values of x and y velocities.

We can see a satisfying performance of the UKF. Although the filter is roughly
initiated at about 100 meters from the true position with zero initial velocity, it
provides a good position estimation after taking two measurements and a good

velocity estimation after taking four measurements.
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X (m) Time (s)

Figure 14.8: Ezample 13: true value, measured values and estimates.

Let us take a closer look at the vehicle position estimation performance. The following
chart describes the true, measured, and estimated values of the vehicle position
compared to the 95% confidence ellipses. We can see that the ellipses’ size constantly

decreases. That means that the UKF converges with time.

Vehicle Position Vehicle Position

50 -

300 4
o]

250

-50
~100 - 200 A
E -150 g

> > 150
—200 1

100 4
-250 1
~300

50 -
-350

250 300 50 100 150 200 250 300
X (m) X (m)

Figure 14.9: Example 13: true value, measured values and estimates - zoom.
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The UKF results are similar to EKF.

We can see that at the linear part of the vehicle motion, the UKF copes with the
noisy measurements and follows the true vehicle position. On the other hand, during
the vehicle turning maneuver, the UKF estimates are quite away from the true

vehicle position, although they are within the 90% confidence ellipse bounds.

Sigma Point Algorithm Modification

Since Jeffrey Uhlmann prosed the Unscented Transform [18]|, many alternative
algorithms for sigma points computation appeared. Eric A. Wan and Rudolph van

der Merwe presented the most common and accepted algorithm in their paper [12].

The sigma points computation is parametrized by «, 5, A, and k parameters.

Sigma Points parameters
A=a*(N+k)—N (14.21)

Where:

N is the number of dimensions

« determines the spread of the sigma points around the mean and is
usually set to a small positive value (e.g., a = 0.001)

k is a secondary scaling parameter that is usually set to 0

[ is used to incorporate prior knowledge of the distribution of the input
random variable (for Gaussian distributions, § = 2 is optimal)

«, B, A\, k are tuning parameters

« is a tuning parameter with a range of 0 < o < 1, while higher o provides a higher

spread of the sigma points around the mean.

The sigma points are calculated as follows:
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Sigma Points

X = (14.22)
X =#on+ (VNN Par) i=1- N
(14.23)
Xrgz)lzzicnn—< (N+)\)Pn,n) , i=N+1,---,2N
i—N

< (N + ) Pn,n>. is the i row or column of the matrix square root of

(N + k)P, .

The sigma points weights:

Sigma Points weights

wy™ = A/ (N + k)
wi? = A/(N+A)+(1—a?)+8 (14.24)

w; =1/2(N+13), >0

Where:

w[()m) is a weight for the first sigma point X,g?)b when computing the weighted

mean

w(()c) is a weight for the first sigma point Xé% when computing the weighted

covariance
w; is a weight for the other sigma points )G%,z > 0 when computing the

weighted mean or covariance

The following figure describes the sigma points’ position for different v values. The
highest a provides a higher spread of the sigma points around the mean. The «

range is 0 < o < 1.
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Figure 14.10: « influence on the Sigma Points.

You should play with « to find the right value for your problem.
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14.9 Modified UKF algorithm summary

COMPUTE WEIGHTS
INITIALIZE
W(gm) = A/ (N+2) A=a?(N+k)—N MEASURE
|nP_'-lt= . Input: © Input: Input:
Estimate Uncertainty System State wy, = A/(N+AD)+ A —a’+p) Measurement Measured
Initial Guess Initial Guess .
wi = 1/2(N+4) Uncertainty Value
E Xoo Wo Ewu Zn
i Pu,u Wi E l iﬂ,n Pn‘n E Wi R"
v v v
PREDICT UPDATE
0) ~
Xphin = Fnn Zp = h(Xyn)
(i) ~ | 3\ . o
Xin = Bop + (\:tNHJPn ) N P
i+1 S P k 2, - T
(i+1) - f . )
Xniin = Xnn — (Vuf.f‘-“rMPm-\) K i=N+1-,2N P, = Zwi (22 - ) (29 —in) +R,
e i=0
2N .
(1) = (i) _ =
S P YCTREEN
=0
-1
2N Kﬂ = szn[Pzn)
Eniin = ZWE -x;;-i-li‘
2N =0 i r in,n = fmm,—l + K. (2, —%,)
P:—l.:_zw Xl s " X X'-’l_r—i“_ 1n) +@Q
= D (K= B) (K o) e e
Xnsin in.ﬂ—l
Xnsin Unit Delay Xpn-1
(n = n-1)

Figure 14.11: Modified UKF algorithm diagram.

Let us see an example.



14.10

324 Chapter 14. Unscented Kalman Filter (UKF)

Example 14 - estimating the pendulum angle

This example is identical to example 12 (section 13.8) with one difference. We use
UKF instead of EKF. In this example, we estimate the angle 6 of an ideal gravity

pendulum.
We measure the pendulum position z = Lsin(6,,).

The state vector of the pendulum is in the form of the following:

T, = [0”] (14.25)

Where:

e 0, is the pendulum angle at time n

e 0, is the pendulum angular velocity at time n

The dynamic model of the pendulum is non-linear (the second type of non-linearity).
It has the form of:

"-fjnJrl,n = f("-%n,n) (1426)

in+17n - < h - 2 ’ + 7A (1427)
9n+1,n Qn,n - %szn(gn,n)At
0. +6. At
F(@nn)= |2 7 O (14.28)
Onn — 45in(0n,) Al
The estimate covariance is:
P— Pz Puai (14.29)
Piz DPi

The elements of the main diagonal of the matrix are the variances of the estimation:

e p, is the variance of the angle 6 estimation

e p; is the variance of the angular velocity 0 estimation

Since the state-to-measurement relation (the first type of non-linearity) is non-linear,

the measurement equation is a type of:
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z, = h(z,) (14.30)

h (x,) = Lsin (0,) (14.31)

The example parameters:

e The Pendulum string length: L = 0.5m
e Gravitational acceleration constant: g = 9.8
e Measurement Uncertainty (standard deviation): o, = 0.01m

e Process Noise Uncertainty (angular acceleration standard deviation): o, = 1°%*

The process noise matrix @ is:

2 2 At A —6 -5
. st ab 1.5625 x 10 6.25 x 10
Q=% "Hl=| L 2|0t = ) ) (14.32)
O'le, a:% Tt At? 6.25 x 107° 0.0025
The measurement variance R is:
R, = |02, |r=001° (14.33)

The numerical example

The following table contains the set of the first 10 noisy measurements. The mea-

surements are identical to example 12 (section 13.8):

1 2 3 4 5 6 7 8 9 10

Lsin(0) 0.119 0.113 0.12 0.101 0.099 0.063 0.008 -0.017 -0.037 -0.05

Table 14.6: Ezample 1/ measurements.

UKF parameters computation

e The number of dimensions: N = 2

e The number of sigma points: 2N +1=5
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Weights Calculation

In this example, we use a modified algorithm for sigma points computation (sec-
tion 14.9).

A=a*(N+k)—N

Set:
o k=20
e =0.1
° 522

A=012(2+0) —2=—-198

w™ =X/ (N =A)=-1.98/ (2 —1.98) = —99
wl =N (N=N+(1—-a2+8)=-198/(2—1.98) + (1 —0.12 +2) = —96
w;=1/2(N+X)=1/(2(2-198) =25 i>0

wyy) = |-99 25 25 25 25
[—96 0 0 0 O]
0 25 0 0 0
Wil=|10 02 0 0
0 0 0 25 0
0 0 0 0 25

Ilteration Zero
Initialization

We don’t know the pendulum angle, so our initial angle approximation includes an

error. We set the initial velocity to 0.

Since our initial state vector is a guess, we set a high estimate uncertainty. The high
estimate uncertainty results in a high Kalman Gain by giving high weight to the

measurement.

5 0
P pu—
oo Y
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Prediction

Sigma points computation

To find other sigma points, we should compute the square root:

NEERETENI

We can use the Cholesky decomposition. The manual computation of Cholesky

decomposition is quite tedious. I provide here Python and MATLAB examples.

Python example:

import numpy as np

P = 0.02*np.diag(np.tile(5,2))

print (P)
[[0.1 0. ]
[0. 0.1]1]

L = np.linalg.cholesky(P)

print (L)
[[0.31622777 O. ]
[O. 0.316227771]
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MATLAB example:

P = 0.02xdiag(repmat(5,1,2))
L = chol(P)?
P =
0.1 0
0 0.1
L =
0.316227766016838 0
0 0.316227766016838
[0.0873]  [o.3162]  [0.403
50 = @00+ (VN TN Pog) = =
00 = Too + (N+X) Py . 0 + 0 0
0.0873] [ o | [0.0873
X2 =z +< N+)\P>: + _
0,0 = 0.0 ( ) Poo), 0 0.3162 0.3162
A [0.0873]  [0.3162]  [—0.229
Xo(,%) = Lo,0 — < (N +A) Po,o)1 = 0 - 0 = 0 ]
00873l [ o | [o.o0873
Do = Zoo = (VI ) Poo), 0 0.3162 —0.3162

Now, stack all sigma points in a matrix:

P 0.0873 0.403 0.0873 —0.229 0.0873
o 0 03162 0  —0.3162
Points propagation

Propagate each selected point through the non-linear function, producing a new set

of points belonging to the output distribution.
Xio = f(X0)

0.0873  0.4035 0.1031 —-0.229 0.0715

%07 10,0854 —0.3848 0.2308 0.2224 —0.4016
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Mean and covariance computation

0.0873
T1g= X ow =
Lo = <10 [O.1263]
5.01 —4.55
P o= (Xo—@1y) - diag(w) - (X0 — Z10)" +Q =
10 = (X 1,0) g(w) - (X1 10) Q [—4.55 9.7]

First Iteration
Update

Using the Unscented Transform, transfer the state sigma points &} o to the measure-

ment space Z using the measurement function h(x):
Zl - h (X1’0>

In order to compute Z;, we perform elementwise operations between the first row of

A& o that represents the angle 0:

Zl = h (XLO) = LSZTL (XI,O (1, ))

Z; = 10.0436 0.1963 0.0514 —0.1135 0.0357]

Multiply Z; by weights.

Compute covariance at the measurement space:

P, = (2 — %) diag(w)- (2, —%)" + R=1.226

Compute the cross-covariance of the state and the measurement:

. ) _ 2.455
szl = (Xl,O — (13'1’0) . dZCLg(’LU) . (Zl — Zl>T = [ ]

—2.273

Compute the Kalman gain:

_ 2
e [—1 85]

Update estimate with measurement:

. . _ 0.456
T =210+ Ki (21— %) = [ ]

—0.215

Update covariance of the estimate:
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P,=P,-KP,K| = [

Predict

Sigma points computation

X =, = [

0.456
—0.215

0.097 0.0002
0.0002  5.489

To find other sigma points, we should compute the square root:

VINF NP = ,]0.02 [

0.097 0.0002
0.0002 5.489

We can use the Cholesky decomposition:

Python example:

import numpy as np

L

np.linalg.cholesky (0.02%P)

5 print (L)
[[4.39953012e-02 0.00000000e+001]
[8.53887720e-05 3.31328834e-011]1

~

~

MATLAB example:

L

chol (0.02xP)°?

.0439953011769878
.53887720392724e-05

[ 0.456 |

[ 0.456 |

0

0.331328833836111

—0.215

[ 0.456 |
—0.215

—0.215

0.043
8.5 x 107°

F )
0.3313 B

0.043

8.5 x 107°

e
| —-0.215
0.456
0.1164

|- [ ]
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W 0.456 0 0.456
1,1 L1 ( ) Pry 2 [—0,215 0.3313 —0.546

Stack all sigma points in a matrix:

w0456 05 0456 0412 0.456
BT 0215 —0.215 0.1164 —0.215 —0.546

Points propagation

Propagate each selected point through the non-linear function, producing a new set

of points belonging to the output distribution.
Aoy = f (X))

Y - 0.445 0489 0462 04  0.429
21710646 —0.685 —0.315 —0.6 —0.978

Mean and covariance computation

) 0.445
o1 = Ao = [—0 626]

. ) . 0.11 0.19
P,y = (X1 — Z21) - diag(w) - (Xoq — $2,1)T +Q = [ ]

0.19 5.57

Next lterations

The results of the second iteration:

X [ 0.248
€T =
22 1 20.962
[0.0018  0.0043
P,, =
10,0043 5.25

The results of the last (tenth) iteration:

X [—0.136
10,10 = 191

[0.00017 0.00074
PlO,lO -

0.00074  0.01
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14.10.2 Example summary

The following chart compares the true, measured, and estimated pendulum angles
for 50 measurements. (The measured angle is derived from the measured distance
0, = sin™'(%)). The chart also depicts the 95% confidence interval.

Pendulum Angle

=—o— Measurements
—&— Estimates
== True values
95% confidence interval

1.0

0.8 4

0.6 q

0.4 4

Theta (rad)

0.2 4

0.0 4

0.0 0.5 1.0 15 2.0 2.5
Time (s)

Figure 14.12: Example 14: pendulum angle - true value, measured values and estimates.

The next chart compares the true and estimated pendulum angular velocity.

Pendulum Angular Velocity

—8— Estimates
4 —— True values
95% confidence interval
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Figure 14.13: Example 14: pendulum velocity - true value, measured values and estimates.



15. Non-linear filters comparison

Let us compare the EKF and UKF performance for our examples.

Examples 11 and 13 deal with vehicle location estimation using radar. In example
11, we used EKF, and in example 13, we used UKF. Both examples have identical
parameters — the same vehicle dynamics, the same radar, the same initialization,

and the same measurements.

The following charts compare the EKF and UKF absolute error of the vehicle position
on the X and Y axes.

Absolute error - X coordinates

— EKF

150 UKF
’é‘ 125
; 10.0
o
=S Y
@ / N
X 5o /
25 - e / .
0.0 4 B
6 % 1‘0 1‘5 Zb 25 3‘0 35
Time (s)

Absolute error - Y coordinates

“ —— EKF
UKF

5

|Y error| (m)

10 15 20 25 30 35
Time (s)

e N & 0o ©®

o
“«

Figure 15.1: EKF and UKF absolute error of the vehicle position.

We can see that the UKF performance is slightly better for the first two iterations
of the filter, but then the filters converge, and the performance of both filters is
identical.

Let us take a look at the estimations uncertainty (o) of both filters.
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Uncertainty - X coordinates
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Figure 15.2: EKF and UKF estimations uncertainty of the vehicle position.

The estimation uncertainties are also identical for both filters.

Examples 12 and 14 deal with the estimation of the pendulum angle and angular
velocity. In example 12, we used EKF, and in example 14, we used UKF. Both
examples have identical parameters — the same pendulum dynamics, the same

initialization, and the same measurements.

The following charts compare the EKF and UKF absolute error of the pendulum

angle and angular velocity.

Absolute error - Pendulum Angle

0.200 4 —— EKF

— 0175 UKF
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Figure 15.3: EKF and UKF absolute error of the pendulum angle and angular velocity.
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We can see that during the first 0.5 seconds, the UKF error is significantly higher.

Then the filters converge, and the performance of both filters is identical.

Let us take a look at the estimations uncertainty (o) of both filters.

Uncertainty - Pendulum Angle
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Figure 15.4: EKF and UKF estimations uncertainty of the pendulum angle and angular
velocity.

During the filter convergence period, the UKF uncertainty is higher than the EKF
uncertainty.

In this case, the EKF outperforms UKF.






16. Conclusion

Extended and Unscented Kalman Filters perform a linear approximation of the

dynamic and state-to-measurement models.

The Extended Kalman Filter is a standard and most common technique used in
non-linear estimation problems. Although the EKF became a standard for non-linear
estimation, almost 60 years of EKF usage experience has led to a consensus that it is
unreliable for highly non-linear models. The UKF is considered to be a better choice.

[8] and [9] paper demonstrate examples of superior UKF performance compared to

EKF.

On the other hand, in the vehicle location examples, we have seen a similar perfor-
mance of UKF and EKF. In the pendulum measurement example, the UKF was

even better during the filter convergence period.

Since both filters are sub-optimal, I recommend testing both filters for a specific

problem. Then you can choose a better approach.

I would also recommend considering the Particle Filter. The particle filter uses
using Monte-Carlo method technique for approximation. It is considered a precise
technique. However, it often requires thousands of times more computations. The

particle filter is out of the scope of this book. You can find a good tutorial in [13].
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17.1

17. Sensors Fusion

Many practical systems are equipped with several complementary and sometimes

interchangeable sensors that measure the same parameters.

A self-driving car has Light Detection and Ranging (LiDAR) and radar onboard.
The LiDAR is much more precise than the radar. On the other hand, the radar
measures velocity using the Doppler Effect, and its effective operational range is
higher, especially in rain or fog conditions. The aircraft is equipped with Global
Navigation Satellite System (GNSS) and Inertial Navigation System (INS) systems

for navigation. Many surveillance systems include several radars for target tracking.

Using multiple sensors can significantly improve the state estimation precision in a

process known as sensor fusion.

Sensor fusion refers to combining the measurements from multiple sensors resulting

in joint information having less uncertainty than any of the sensors individually.

Let us examine the influence of the measurements fusion on the uncertainty.

Combining measurements in one dimension

Consider two range measurements of the same target performed by two independent
radars simultaneously. The SNR of the first radar measurement is higher than the
SNR of the second radar measurement. Thus the uncertainty of the first radar

measurement is lower.

The following figure represents the measurements of both radars as normally dis-

tributed random variables (Gaussians).
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Two measurements PDF

= Measurement 1
=== Measurement 2

Figure 17.1: Two measurements PDF.

The PDFs are described by the following:

(17.1)

Where:
(1 is the measured value of the first radar
o1 1s the measurement standard deviation of the first radar
o is the measured value of the second radar

09 1s the measurement standard deviation of the second radar

Since the measurements are independent, the joint PDF is a product of two PDFs.

Let us see what happens when we multiply two Gaussians.

== (4 (552 ) e (552
(17.2)

The product of two Gaussian PDFs is proportional to Gaussian PDF with the
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following properties:

) 1
A — (17.3)
1 1
ata
pi2 = (M—; + M—§> 07 (17.4)
01 03

You can see the derivation in Appendix G.
Let us take a closer look at the Gaussian PDFs product properties.

Each measurement is weighted by the inverse of its variance. If the variance of the
first measurement is lower than the variance of the second measurement (0% < 03),

then the weight of the first measurement is higher.

That means the Gaussian PDFs product is closer to the measurement with lower

variance.

The variance of the Gaussian PDFs product is always lower than the variance of each
measurement separately. Even a measurement with a very high variance contributes

to the overall precision. If 02 = oo then 0%, = o}.

The following plot exemplifies the fusion of two measurements. We can see that the
joint PDF is closer to the measurement with a lower variance. The variance of the

joint PDF is lower than the variance of each measurement.
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Two measurements fusion

= Measurement 1
Measurement 2
= Measurements fusion

N\

Figure 17.2: Two measurements fusion.

17.2 Combining n measurements

The product univariate Gaussian PDFs is also a k-dimensional Gaussian PDF with

the following properties:

Ol = = — (17.5)

n i
H1m = (Z ;) U%-..n (17.6)
i=1 1

You can see the derivation of the generalization to n measurements in Appendix G.

Equation 17.5 shows that every additional measurement minimizes the overall uncer-
tainty.

17.3 Combining measurements in £ dimensions

The multivariate k - dimensional normal distribution is given by:

1 1

ple) = e (5w @) (a7.7)
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Where:

o is the measurement vector

Y. is the measurement (covariance matrix)

The product of n k - dimensional Gaussian PDFs is also a k - dimensional Gaussian

PDF with the following properties:

=) 5 (17.8)
i=1

i=1
You can see the derivation in Appendix H.

Like in the univariate Gaussian case, the mean of the PDFs product is the weighted
mean of all PDFs, while the PDF with a lower variance has a higher weight. Each
PDF contributes to the joint PDF and reduces the joint PDF covariance.

Two measurements fusion

— Measurement 1
—— Measurement 2
—— Measurements fusion

Figure 17.3: Two 2D measurements fusion.

Figure 17.3 depicts two two-dimensional measurements. The blue and orange ellipses
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represent the covariance of two measurements, and the red ellipse represents the

covariance of the joint PDF.

We can see that the multisensor measurement fusion results in a more precise

estimation.

Sensor data fusion using Kalman filter

Kalman filter is the most widespread algorithm for multisensor data fusion. This
chapter describes two different methods for multisensor data fusion using the Kalman
filter. For simplicity, we assume that the sensors’ sample rates are identical. We

discuss the multi-rate Kalman Filter in section 17.5.

Method 1 - measurements fusion

Measurement fusion is the most common sensor data fusion method. Typically it is
used by a system that is equipped with several sensors. The fusion is applied to the

sensors’ measurements.

€Y)] (2)
Zn Zy,
Fusion
ZTI
Kalman Filtering +
£n+1,n N fn n—1 ﬁn,n
»  Predict > :Jn"'LD:!;‘}' »|  Update >

Figure 17.4: 2 Sensors measurements fusion.

. 1 2 k) .
Two or more sensors provide measurements zﬁl ), zfl ), e ,zfl) with measurement

O RY,.

covariance R ®) Assuming normally distributed measurements PDFs,

we can calculate a joint PDF":

k
R'=) R/ (17.10)
=1
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k
Z2 =R,y (R,%‘)’lz,(j)) (17.11)
=1

The conventional Kalman Filter receives the unified measurement (z,, R,,).

In the literature, you can also see that z, for two sensors is calculated as follows:

z, =2z + R (RY + R(2))_1 (22 — 2Y) (17.12)

n n n

First, it looks familiar. It is identical to the Kalman Filter state update equation,
which also calculates the fusion of two normally distributed PDFs — the measurement

and the prior estimate uncertainty.
Second, it is computationally effective. We perform only one matrix inversion.

You can find the derivation in Appendix H.

Method 2 - state fusion

Some applications involve different sensor systems that perform the same task. For
example, several geographically distributed radars can track the same target. Each
radar creates a separate target track using the Kalman filter. An external system
can receive radars’ tracks and compute a unified track with higher location precision.

The state fusion method is also called the track-to-track fusion algorithm.

Kalman Filter 2
,\(2)1 Q(Z)
»|  Predict nALR | UnitDelay noot, Update >
(n = n-1)
f(z)
y 3 nn
22
. Qn,n
(1) Fusion |——"%
Zn
Kalman Filter 1
Y
~(1) ~(1) sy
. _ nn
»  Predict niin l(J:'tDe'“" ol Ul Update >
— n-1)

Figure 17.5: Track-to-track fusion.
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Figure 17.5 describes the state fusion method.

When the cross-covariance between the two track estimates can be ignored, the state

. . . . . ~(1 ~(2 . .
fusion involves a simple fusion of two random variables w,(lzl and w,(lzl with estimate

uncertainties PTEl,Q and Pﬁz

1= #0,+ P (PO + PE) ™ (22— a02) (1713

+ P2 (17.14)

n,n

The measurements from the two sensor tracks are not necessarily independent, and the
two tracks can be correlated due to the common process noise (the target dynamics
is not deterministic). The correlated estimation errors have to be considered in
combining the state estimates. Otherwise, the target state estimates in the system

tracks may degrade.

The method for correlated state fusion was shown by Bar-Shalom [14]. The fused
state is given by:

Zon = 20+ (PY) — PO2) (PO + PO — P2 — pEYYT! (32) — 3(2)) (17.15)

n,n n,n n,n n,n n,
(12) en\7 . . : (1) (2)
P, = | Pun is the cross-covariance matrix between &, , and &, . The cross-

covariance matrix is given by:

PP = (1- K"HY) FP) FT (1~ K,@H@))T

n,n—1

. (17.16)

n (I - K,S”H<1>) GQGT (I - KQH(?))

Where:
K is a Kalman Gain

H is an Observation Matrix

F' is a State Transition Matrix

Q is a Process Noise Covariance Matrix
G is a Control Matrix

Bar-Shalom and Campo showed [15] that when this dependence is taken into account,
the area of the uncertainty ellipse is reduced by 70% percent instead of being cut by

50% as would be the case if the independent noise assumption were correct.
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17.5 Multirate Kalman Filter

In many applications, the sensors’ sample rates are not identical. For example,
assume two sensors with a sampling rate of At and 3A¢. The Kalman Filter update

scheme is described in the following figure.

7 2 e 2

(1) 1
Zn+3 Zr(wr)df

Fusion Fusion

A4 A 4
Xn+2n+1
>

Xn+an+3

X
nt3nt2 ol Update | Predict f———p

£n,n—l b4
Update | Predict ntLn Update | Predict

Update | Predict

Figure 17.6: Multirate Kalman Filter.

The first sensor measurement updates the Kalman Filter state every At period. Every

3At period, the measurements of the first and the second sensors are combined.






18. Variable measurement error

Until now, in all our examples, the measurement uncertainty was constant. For
many measurement devices, the measurement uncertainty is a parameter given by
the vendor. For example, the weight measurement accuracy of the scales or the

power measurement accuracy of the power meter is a constant value.

However, in many systems, the measurement uncertainty varies between successive
measurements. For example, in a radar system, the range accuracy (standard

deviation) is given by:

c
op= —— 18.1
" 2BVSNR (18.1)
Where:
oRis a range measurement error (standard deviation)
¢ is the speed of light
B is a signal bandwidth

SNR is a signal-to-noise ratio

The radar range measurement variance is:

c2

2

7 = 1B2SNR, (18.2)
We can see that the range measurement uncertainty depends on SNR. The SNR
depends on many factors, such as interferences, target range, and perspective. For a

radar system, the measurement uncertainty is not constant.






19. Treating missing measurements

Sometimes the sensor measurements are lost due to noisy communication channels,
interferences, equipment malfunctions, or other anomalies. In such cases, you can
set the measurement to an arbitrary value while setting the measurement variance

to infinity.

The Kalman Gain would be zero:

Kn _ Pnn-1 _ Pnn—1 -0 (191)
pn,nfl + Tn pn,nfl + &)

The current state estimation &,, , would be equal to the prior estimate &, ,,_1:
jjn,n = in,n—l +0 (ZTL - :i’.n,n—l) = in,n—l (192)

The current state estimation variance p,, , would be equal to the prior extrapolated

state variance py, ,,—1:

Pnn = (1 - O) Pnn—-1 = Pnn-1 (193)

In case of missing measurement, the extrapolated state variance p,,1, would increase

due to the process noise:

Prntin = Pnn +qn = Pnn—1 + gn (194)

Therefore, the missing measurement causes a temporary Kalman Filter divergence.






20. Treating outliers

Outliers are measurements outside an expected range or don’t follow an expected
pattern. Outliers can result from noisy communication channels, interferences,
equipment malfunctions, recording errors, or other anomalies, such as radar signal

reflection from a bypassing aircraft.

- Measurements
- -~ Trend

(O Outlier

Figure 20.1: OQutlier example.

We will learn how to identify and treat outliers.

20.1 Identifying outliers

We can divide outliers into two main categories:

e Unlikely or unusual measurements

e High statistical distance between the prior estimate and the measurement

Let us analyze each category separately.
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Unlikely or unusual measurements

Sometimes you may decide that the measurement is unlikely based on your technical

knowledge of the domain. For example:

e If the vehicle speed measurement is 400km /h, you can decide that the mea-
surement is an outlier since the car can’t travel at that speed.
e If the vehicle position measurement is far from the road, it is likely an outlier.

e The water temperature above 100°C' is an outlier.

High statistical distance

Assume a system that estimates the vehicle speed using the Kalman Filter. The
prior estimate of the speed (prediction) &, ,—1 is 100km/h, and the measured speed
zp is 120km /h. The difference between the predicted and measured values is 20km /h.

Is it an outlier?
In order to answer this question, we should find the Mahalanobis distance.

The Mahalanobis distance is a measure of the distance between a point P and a
distribution D or between two random variables, introduced by P. C. Mahalanobis
in 1936.

In a single dimension, the Mahalanobis distance is given by:

dy = \/M (20.1)

pn,n—l

Where:
Zp n—11s the prior estimate
Dn.n—1 18 the prior estimate variance

Zn is the measurement

Let’s return to the vehicle speed estimation example. If p,,_1 = 150km?/h?, the

Mahalanobis distance is:

(100 — 120)
) 20.2
das o 63 (20.2)
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=== Prior estimate
® Measurement

60 80 100 120 140

Speed (km/h)

Figure 20.2: Low Mahalanobis distance.
If ppn_1 = 10km?/h?, the Mahalanobis distance is:

(100 — 120)*

= 6.32 20.
o 6.3 (20.3)

dy =

=== Prior estimate
@® Measurement

60 80 100 120 140

Speed (km/h)

Figure 20.3: High Mahalanobis distance.

In the first case, the measurement is not an outlier since the distance of 1.63 standard
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deviations is reasonable. In the second case, the measurement is definitely an outlier.

A Kalman Filter designer should define the Mahalanobis distance threshold based

on the domain technical knowledge. Usually, it varies between 3 and 5.

For a multivariate Kalman Filter, the Mahalanobis distance is given by:

dy = \/(in,nfl - Zn)T Pn,nfl (.’,ﬁn’n,l - zn) (204)

Where:
&, n—1 is the prior estimate
P, ,_, is the prior estimate covariance matrix

Zn is the measurement vector

Impact of outliers

The impact of an outlier depends on the variance of the outlier. Let us continue with
the example of vehicle speed estimation. The prior estimate of the speed (prediction)
Zpn—1 is 100km/h, and the measured speed z, is 120km/h.

We calculated the Mahalanobis distance for p,,,_1 = 10km?/h?:

100 — 120)?

The distance between the prior estimate and the measurement is 6.32 standard

deviations; therefore, the measurement is an outlier.

Let us take a look at the measurement uncertainty. The radar velocity measurement

accuracy is given by:

\B
g _ - @
V' 9V2SNR

Where:

oy is a velocity measurement error (standard deviation)

(20.6)

A is the signal wavelength
B is a signal bandwidth
SNR is a Signal to Noise Ratio
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The radar velocity measurement variance is:

\2 B2
y = = 20.7
T %V T 8SNR, (20.7)
Assume a noisy measurement with a low SNR that yields oy, = 30km/h.
=== Prior estimate
” = Measurement
40 60 80 100 Spee(leEkm/h) 140 160 180 200
Figure 20.4: Abnormal measurement with high uncertainty.
The Kalman Gain is given by:
Pnn—1 10 10
K, = : = =—=0.01 20.8
DPnn—1+1, 104302 910 ( )
The state update equation is:
Tpn = Tppo1+0.01 (2, — Zy,—1) = 0.992,,_1 + 0.012, (20.9)

The Kalman Gain is very low; therefore, the impact of the noisy measurement with

high uncertainty is very low.

Now assume an outlier measurement with high SNR that yields oy, = 2km/h. Such

a measurement can be caused by an anomaly.
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=== Prior estimate
” = Measurement

\

40 60 80 100 120 140 160 180 200

Speed (km/h)

Figure 20.5: Abnormal measurement with low uncertainty.

The Kalman Gain is given by:

Pnn-1 10 10
K, = : = =—=0."71 20.10
DPnn—1+1mn 10422 14 ( )
The state update equation is:
Tpp =Tnpo1 +0.71 (2, — Zppo1) = 0.292,,,_1 + 0.712, (20.11)

The Kalman Gain is high; therefore, the impact of the abnormal measurement with

low uncertainty is very high.

Treating outliers

A high-impact outlier influences long-term filter stability. It influences the current
estimation and the following estimations. Since the following estimations are based

on the measurements and past estimations.

In case of an outlier with a high Mahalanobis distance, eliminate the outlier and

treat it as a missing measurement.

If the outlier is unlikely or unusual, but the Mahalanobis distance is low, consider

changing the outlier value to a reasonable value.

For example, when estimating the water temperature, you can set a lower temperature

bound to 0°C' and an upper temperature bound to 100°C. If the measurement
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temperature is 101°C', you can change the value to 100°C' (the upper temperature
bound).

The outlier treatment algorithm includes the following steps:

e Identify an outlier by calculating the Mahalanobis Distance or based on the
domain knowledge.
e Estimate the outlier impact.

e Eliminate the outlier or change its value to a lower or upper bound.






21. Kalman Filter Initialization

The Kalman Filter must be initiated with a prior estimation €. As well we should

supply the initialization covariance P .

21.1 Linear KF Initialization

Let us recall example 9 (section 9.1) - vehicle location estimation. The true vehicle

location at the time ¢t = 0 was x = 300,y = 425 .

We don’t know the vehicle location, so we set the initial position, velocity, and

acceleration to 0.

0
0
- 0
Lo,0 =
’ 0
0
0
300 4 —— True vehicle position
—)— True vehicle position at t=0
KF initiation
200
100
o
E
>

=100

—200

—300

—400 4

Figure 21.1: LKF rough initiation.
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Figure 21.2 depicts the true vehicle position relative to initialization.
Since our initial state vector is a guess, we set a very high estimate uncertainty.

200 0 0 0

Loo = Po,o =

o O O O O

o O O O O
o O O O
o O
[a)
(@)
o
[a)

0 0 0 500

We have seen that the high estimate uncertainty results in a high Kalman Gain by

giving a high weight to the measurement.

Finally, we could track the vehicle accurately, as shown in the next figure.

300 4 —— True vehicle position
— Estimated vehicle position

200 A

100 4

Y (m)

—100 4

—200 A

—300 1

—400

].60 2 EI)O 350
X (m)

Figure 21.2: LKF rough wnitiation: True vs. estimated position.

Although KF initialization was a shot in the dark, it wasn’t a problem since we set a

high initial uncertainty.

Let us see what happens if we initiate the Kalman Filter close to the actual vehicle

position. Assume that we had approximate information about the actual vehicle
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position at the time ¢t = 0. We set:

303

In this case, the vehicle is also accurately tracked, as shown in the following figure.

300 4 — True vehicle position
- Estimated vehicle position

200 A

100 A

Y (m)

—100 4

—200 4 ‘

—300 4

—400 A

lll)O 2 [I)G 3[5(]
X (m)

Figure 21.3: LKF fine initiation: True vs. estimated position.

So can we always initiate the Kalman Filter with a random value? Let us compare

the estimation uncertainty for both cases.

In the following plot, we can see the estimation variance of the random initialization

(the blue line) and the estimation variance of the fine initialization (the orange line).
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Variance (m?)
o ~

—— Case 1: random initialization
Case 2: fine initialization

Time (s)

Figure 21.4: LKF uncertainty: rough vs. fine initiation.

We can see a lower uncertainty of the fine initialization. The KF converges faster if

we initiate it with meaningful values.

Non-linear KF initialization

Let us recall example 11 (section 13.7) - “vehicle location estimation.” The scenario
in example 11 (section 13.7) is similar to example 9 (section 9.1). The measurement
is performed by radar. If the EKF is initiated close to the true position, the EKF

converges quickly and accurately tracks the target.

100 500 0
0 0 500
0 0 0

Boo = P —
%0 o0 T 0 0
0 0 0
0 (0 0

The following figure depicts the true vehicle position and initialization point (on the

o O O o O

500

left) and estimated position vs. true position (on the right).
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300 —— True vehicle position True vehicle position
—§=— True vehicle position at t=0 300 ) Po "
K initiation = Estimated vehicle position
200
200
100
100
o
— o
£ —
= £
> =
-100 >
100
=200
-200
-300
-300
—400
¢ J/
—400
100 200 300
X (m) 50 100 150 200 250 300 350

X (m)

Figure 21.5: Non-linear KF fine initiation.

Let’s see the EKF performance when the initialization point is moved farther.

100 500 0 0 0 0 0
0 0 500 O 0 0 0
oy = 0 Py, = 0 0 500 O 0 0
’ 0 ’ 0 0 500 0 0
0 0 0 0 0 500 O
| 0 | 0 0 0 0 0 500]

The EKF provides wrong estimations. After some time, it converges and tracks the

target, as shown in the following figure.

300 = True vehicle position =—— True vehicle position
== True vehicle position at t=0 —— Estimated vehicle position
KF initiation
2004
200
100
o]
0
E E
> 100 > 200
-200
—400 4
—300
-400 . -600
100 200 300 [ 00 200 300 400 500 600 700
X (m) X (m)

Figure 21.6: Non-linear KF rough initiation.
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If we move the initialization point again, it takes more time for EKF to converge.

[300] (500 0 0 0 0 0]
0 0 50 0 0 0 0
s |0 p |0 0 500 0 0 0
27 1300 ’ 0 0 500 0 0
0 0O 0 0 0 50 0
|0 (0 0 0 0 0 500

300 = True vehicle position
== True vehicle position at t=0
KF initiation
2001
100
o0
E
>
—100
~200 |
—300 4
—400 |
¢
160 2[I)0 360
X (m)

Figure 21.7: Non-linear KF very rough initiation.

= True vehicle position
—— Estimated vehicle position

72(‘100 71‘500 71(‘100 75‘00 E) 560 10b0 1560
X (m)

Figure 21.8: Non-linear KF very rough initiation: filter performance.
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Unlike the LKF, the non-linear Kalman Filter requires fine initiation; otherwise, it

wouldn’t be able to provide satisfactory results.

KF initialization techniques

There is no generic initialization technique or method. It depends on the system.

For example, the radar search process provides coarse target measurement used as

initialization for the tracker.
For other systems, an educated guess is sufficient for KF initialization.

You can also use the first measurement as initialization data and start the estimation

process with the second measurement.
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22. KF Development Process

The Kalman Filter development process includes four phases:

e Kalman Filter Design
e Simulation
e Performance Examination

e Parameters Tuning

The following diagram describes the KF development process.

p e a e

A A

Simulation

A 4

KF Design

J/ \. J/ \.

Performance
Examination

»

Parameters
Tuning

Figure 22.1: KF development process.

Let us explore each phase.

Kalman Filter Design

The KF design includes 6 steps:

Step 1: Define the Dynamic Model of the system.

e You are lucky if you know your system’s Dynamic Model (state extrapolation

equation).

e Otherwise, write down the differential equations that govern your system (the

state space representation), as described in Appendix C (“Modeling linear

dynamic systems”):

x(t) = Az(t) + Bu(t)
y(t) = Cx(t) + Du(t)

e Solve the equations to determine the state extrapolation equation.

(22.1)
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Tot1n = FXp, + Guy, (22.2)
e For a non-linear system, the differential equation is in the form of the following:
x(t) =g (x(t)) (22.3)
e Solve the differential equation to determine the state extrapolation equation:
Toiin = F (Tnn) + Gy, (22.4)

e If you can’t solve the differential equation, perform the numerical integration

using a computer for the following integral:

Fl@nn) = @nn + /t g @) dt (22.5)
Step 2: Define the measflrement equation.
e For LKF:
z, = Hex, (22.6)
e For EKF:
z, = h(x,) (22.7)

Step 3: Process Noise error sources:

e Write down a list of all the error sources.
e Define the Process Noise matrix @ based on uncorrelated error sources (white
noise).

e The correlated noise sources must be a part of the Dynamic Model.
Step 4: Decide on the KF initialization method:

e The initialization method depends on your system.
e It can be an educated guess, a coarse measurement, or the first measurement.

e Decide on the initialization covariance Py .
Step 5: Add treatment for missing measurements.
Step 6: Decide on the outliers treatment method:

e Which measurement should be considered an outlier?

e How to treat outliers?
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Simulation

Simulation is a critical phase of the Kalman Filter development process. It allows us
to observe the filter performance in a controlled environment. The following diagram

describes the simulation block diagram.

Scenario Measurements

Object Sensor
Dynamics

) ground truth [ Enyironment ] ( Measurement
Environment ; -
Noise J L Errors

sjuawainspaw

Analysis

v A 4

' ] estimates ( .
Analysis i Plotting J: L Kalman Filter

.................................

Figure 22.2: KF simulation diagram.

The simulation is a computer program that contains the following modules:

e Scenario
o Measurements
e Kalman Filter

e Analysis

Scenario Module

The scenario module simulates what is happening in the real world.

The object-dynamics module generates different dynamics scenarios of the object of
interest. For example, the vehicle trajectory in example 9 (section 9.1), the pendulum
position in example 12 (section 13.8), or the heating liquid temperature in example
7 (section 5.3). The object dynamics shall include possible extreme conditions, like

sharp target maneuvers.
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The environment module should simulate the environmental influence on the target
dynamics, like air turbulence influence on the aircraft, the icy road influence on the

vehicle, and the air-conditioner influence on the liquid temperature.
The generated scenario is a true state vector or the ground truth.

The environment noise module adds environmental noise to the ground truth - for

example, an aircraft radar cross-section fluctuations, radio interferences, etc.

The Kalman Filter designer should create enough object dynamics scenarios to

challenge his Kalman Filter design.

Measurements Module

The measurement model should create the sensor measurements, which are the input

to Kalman Filter.

For simple sensor like scales with a measurement uncertainty o, generate a normally
distributed random noise with a standard deviation o, and add the noise to the

generated scenario.

For EKF, the ground truth should be transformed into the sensor coordinates. For
example, the vehicle position in example 11 coordinates are X and Y. The sensor
coordinates are range (r) and the bearing angle (f). Then the range noise and the

angle noise should be added to the transformed coordinates.

More sophisticated sensors require simulation of the sensor system to simulate
phenomena like clock drift, imperfections due to sampling, and other system-specific

aspects like beam broadening in radar.

Kalman Filter Module

The Kalman Filter simulation. See section 22.1 (Kalman Filter Design) for details.

Analysis

The analysis process includes the plotting module that creates results visualization.

The interesting plots are:

e Estimates vs. measurements vs. ground truth.
e If possible, add estimation confidence intervals or confidence ellipses to the

plot.

Estimation uncertainty vs. time

Kalman Gain vs. time
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The analysis module can be the Kalman Filter designer that analyses plots or

computer software that analyses results and makes conclusions.

Performance Examination

Before examining the KF performance, you should define the acceptable performance
criteria:

e The Root Mean Square (RMS) error between the ground truth and estimates.

e The RMS error between the ground truth and predictions.

e The maximum error between the ground truth and estimates.

e The maximum error between the ground truth and predictions.

e The filter convergence time.

e Prediction and estimation uncertainties.

e The confidence levels.

The criteria must be reasonable. Don’t expect low errors if your sensor is not accurate

or environmental noise is too high.

If the KF errors are too high, examine your dynamic model. You can increase the
process noise (Q) value. However, as we've seen in example 8 (section 5.4), improving

the dynamic model is a better approach.

Examine the filter convergence. The Kalman Gain should constantly decrease until
it reaches a certain floor level. As a result, the uncertainty of the estimates should
also decrease. If the convergence time is too high, examine the influence of the KF
initialization on the convergence time. Find methods for finer initialization values.
You can also decrease the process noise (Q) value, but make sure it doesn’t increase

the errors.

Figure 22.3 describes KF filter performance in example 8 (section 5.4). We can see

the 95% confidence intervals.

Assume that 100% of the ground truth is within the confidence intervals. Is it good?
Not necessarily. Your KF estimates uncertainty is too high. You can achieve lower

uncertainty estimates without compromising the confidence level.



376 Chapter 22. KF Development Process

The Liquid Temperature

== True values
55 | —8— Measurements
—8— Estimates

95% confidence interval
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Temperature (°C)
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Figure 22.3: KF simulation diagram.
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A. The expectation of variance

We already know what the random variable is and what the expected value (or

expectation) is. If not, please read chapter 2 (“Essential background I7).

Expectation rules

The expectation is denoted by the capital letter E. The expectation of the random

variable F(X) equals the mean of the random variable:

Expectation
B(X) = pix (A1)

where py is the mean of the random variable.

Here are some basic expectation rules:

Rule Notes
1  E(X)=px =zp(x) p(z) is the probability of x (discrete
case)
2 FEa)=a a is constant
3 E(aX)=aE(X) a is constant
4 Flat+tX)=a+xEX) a is constant
5 FEla+tbX)=a+bE(X) a and b are constant

6 EXzxY)=FEWX)£EY) Y isanother random variable

7 EXY)=EX)E®Y) If X and Y are independent

Table A.1: Expectation rules.
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All the rules are quite straightforward and don’t need proof.

The expectation of the variance

The expectation of variance is given by:

Expectation of the variance
V(X) =05 = E(X?) — pk (A.2)

Where V(X)) is the variance of X

The proof

Notes

V(X) = 0% = B((X - jix)?)

= B(X? = 2Xpx + pi%)

= F(X?) — F(2Xux) + E(¢%) Applied rule number 5: F(a £ bX) =a+bE(X)
= F(X?) —2uxE(X) + E(u%) Applied rule number 3: E(aX) = aF(X)

= F(X?) —2uxFE(X) + 1% Applied rule number 2: E(a) = a

= F(X?) —2uxpx + 14 Applied rule number 1: E(X) = ux

= B(X?) — ik

Table A.2: Variance expectation rule.
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A.3 The expectation of the body displacement variance

The body position displacement variance in terms of time and velocity is given by:

V(z) = AV (v) (A.3)
or

o2 = At’o? (A.4)
Where:

x is the displacement of the body
v is the velocity of the body

At is the time interval

The proof
Notes
V(K) = oj = E(K?) — pi
= E((vAt)?) — (u,At)? Express the body position variance in terms of

time and velocity: x = Atv

= APE(v?) — u2At? Applied rule number 3: E(aX) = aF(X)

= At*V (v) Applied expectation of variance rule:
V(X) = B(X?) — ik

Table A.3: Variance square expectation rule.
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B. Confidence Interval

This appendix describes the method of confidence interval computation for a one-

dimensional normal distribution.

Cumulative Probability

The cumulative probability is the likelihood that the value of a random variable

is within a specific range.
P(a< X <b) (B.1)

Let us return to the pizza delivery distribution example (see chapter 2 - “Essential
background I”). We want to find the likelihood that the pizza in city 'A’ would be

delivered within 33 minutes:
P(0< X <33)

Reminder, the pizza delivery time in the city A’ is normally distributed with a mean
of 30 minutes and a standard deviation of 5 minutes (1 = 30,0 = 5). We need to

find the area under the PDF curve between zero and 33 minutes:

Distribution of pizza delivery times

0.06 -

Density

3‘0 4‘0 56 Gb
Minutes

Figure B.1: Cumulative Probability.
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The filled area under Gaussian is given by:

F(z;p,0%) = \/% /033 exp <_(xZT_2M)2> dx (B.2)

Don’t worry. We won’t need to compute this integral.

Let us define a standardized score (also called a z-score) to simplify the problem.

z-score is a standardized random variable with a mean of 0 and a standard deviation
of 1 (u=0,0=1).

(B.3)

A z-score defines the distance of x from the mean in units of standard deviations.
For example:

o If 2 — score = 1, the value of z is one standard deviation above the mean.

o If 2 — score = —2.5, the value of z is 2.5 standard deviations below the mean.

o If 2 — score = 0, the value of z equals the mean.

The pizza delivery time in city A’ is a random variable with a mean of 30 and a
standard deviation of 5 (u = 30,0 = 5).

z-score for 33 minutes is:

33-30

0.6
5

z
z-score for O minutes is:

The PDF of 2 is a standard normal distribution:

F(z)= exp (—0.527) (B.5)

1
V2T

The cumulative probability is the area under the PDF between —oo and z.
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-2

Standard Normal Distribution

-1

0

1

2

Figure B.2: Standard Normal Distribution.

The Cumulative Probability C'P of z is given by:

CP(z)= \/LQ_T(’ /_2 exp (—0.52%) dz

For our example, we need to find the following:

P(—6<2<0.6)=CP(2=0.6) — CP(z = —6)

Calculating the PDF integral is not straightforward and requires much work. The

faster method is to use statistical z-score tables or computer software packages.

z-score tables contain precalculated cumulative probabilities for different z-scores.

Figure B.3 exemplifies the location of the cumulative probability for z-score (z=0.6).

z .00 .01 .02 .03 .04 .05 .06 .07 .08 .09
0.0 |.5000| .5040 .5080 .5120 .5160 .5199 .5239 5279  .5319  .5359
0.1 |.5398 | .5438 .5478 .5517 5557 5596 .5636 .5675 .5714 5753
0.2 |.5793| .5832 .5871  .5910 .5948 .5987 .6026 .6064 .6103  .6141
03 |.6179| .6217 .6255 .6293 6331 .6368 .6406 .6443 .6480  .6517
0.4 |].6554 ] .6591 .6628 .6664 .6700 .6736 .6772 .6808 .6844  .6879

.6950 .6985 .7019 7054 7088 .7123 7157 7190 7224
06 \.7257) .7291 7324 7357 7380 7422 7454 7486 .7517  .7549

} B Je1l 7642 7673 7704 7734 7764 7794 7823 7852
08 7881 .7910 .7939 7967 .7995 .8023 .8051 .8078 .8106  .8133
09 .8159 .8186 .8212 .8238 .8264 .8289 .8315 .8340 .8365  .8389
1.0 .8413 .8438 .8461  .8485 8508 .8531 .8554 8577 .8599  .8621
11 .8643 8665 .8686 .8708 .8729 .8749 .8770 .8790 .8810  .8830
1.2 .8849 .8869 .8888 .8907 .8925 .8944 .8962 .8980 .8997  .9015
13 9032 .9049 9066 .9082 9099 .9115 9131 9147 9162 9177

Figure B.3: z-score table.


a href="https://www.z-table.com/
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CP(z=0.6) = 0.7257

You can use scientific computer software packages for a z-score integral computation.

The following commands compute the z-score integral in different computer software

packages:

Computer Software Package Command

from scipy.stats import norm

Python
norm.cdf(z)
MATLAB normedf(z)
Excel NORM.DIST(z, 0, 1, TRUE)

Table B.1: Cumulative distribution from z-score.

Python example:

1 scipy.stats norm

3 norm.cdf (0.6)
1 0.7257468822499265

6 norm.cdf (-6)
7 9.865876450376946e-10

MATLAB example:

1 normcdf (0.6)
2

3 0.7257

5 normcdf (-6)

~

9.8659e-10

P(—6 < 2<0.6) =0.7257 — 0 = 0.7257
The likelihood of having a pizza in city A’ within 33 minutes is 72.57%.

Or in other words, 72.57 percentile of the pizza delivery time in city A’ is 33 minutes.
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p) When using computer software packages, you don’t need to calculate the
z-score. You can specify the mean and standard deviation as an argument of

the software function.

The following commands compute the cumulative distribution in different computer

software packages:

Computer Software Package Command

from scipy.stats import norm

Python
norm.cdf(x, mu, sigma)
MATLAB normedf(x, mu, sigma)
Excel NORM.DIST(x, mu, sigma, TRUE)

Table B.2: Cumulative distribution from p and o.

Python example:

1 scipy.stats norm
3 norm.cdf (33, 30, 5)
1 0.7257468822499265

MATLAB example:

1 normcdf (33, 30, 5)

3 0.7257

B.2 Normal inverse cumulative distribution

In this chapter, we would like to answer a reverse question. What is the cumulative

distribution for a given percentile?

For example, what is the 80" percentile for the pizza delivery time in the city’ A’?
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0.07 -

0.06 -

0.05 -

Density

0.03 -

0.02 -

0.01 -

Distribution of pizza delivery times

20

30

Minutes

’l 80%

Figure B.4: Normal Inverse Cumulative Distribution.

One method is to use the z — score table:

60

e In the table below, find the cumulative distribution value closest to 0.8.

e The z — score is a sum of the row and the column of z — value: z = 0.84.

Z .00 .01 .02 .03 .04 .05 .06 .07 .08 .09
00 5000 .5040 5080 5120 |5160| 5199 5239 5279 5319 5359
01 5398 5438 5478 5517 |5557| 5506 5636 5675 5714 5753
02 5793 5832 5871 5010 |5948| 5987 6026 6064 6103  .6141
03 6179 6217 6255 6293 |6331| 6368 6406 6443 6480  .6517
0.4 6554 .6501 6628 6664 |.6700| .6736 6772 6808 .6844  .6879
0.5 .6915 .6950 .6985 7019 |7054| 70ss 7123 7157 7190 7224
0.6 7257 7291 7324 7357 |7389| 7422 7454 7486 7517 7549

7704| 7734 7764 7794 7823 7852

s . . 7967 7995] .8023 8051 .8078 .8106 .8133
T BI BT Sl NI’ 8289 8315 8340 8365 8389
10 .8413 .8438 .8461 8485 .8508 .8531 .8554 .8577 .8599  .8621
11 8643 .8665 8686 8708 8729 8749 8770 8790 8810  .8830
12 8849 8860 .8888 .8907 .8925 .8944 8962 .8980 .8997  .9015
13 9032 9049 9066 .9082 9099 9115 9131 9147 9162 9177

Figure B.5: z-score table.

Now, we must convert z to x:

(B.7)
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r=z20+p=0.84x5+30=34.2

The 80 percentile for the pizza delivery time in the city A’ is 34.2 minutes.

If you use computer software, you can use the following commands:

Computer Software Package Command

from scipy.stats import norm

Python

norm.ppf(x, mu, sigma)
MATLAB norminv(p, mu, sigma)
Excel NORMINV (x, mu, sigma)

Table B.3: Normal cumulative distribution.

Python example:

1 scipy.stats norm
2

3 norm.ppf (0.8, 30, 5)

1 34.20810616786457

MATLAB example:

1 norminv (0.8, 30, 5)

N

3 34.2081

B.3 Confidence interval

A normally distributed random variable is described by mean (u) and standard
deviation (o). A confidence interval is a probability that a parameter falls between a

set of values for a certain proportion of times.

Assume a weight measurement of 80kg with a measurement standard deviation (o)
of 2kg. The probability that the true weight falls between 78kg and 82kg is 68.25%.

Usually, we are interested in higher confidence levels, such as 90% or 95%. Let us

see how to find it.

The following plot describes the standard normal distribution (u = 0,0 =1). We

want to find a 90% confidence interval.
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Standard Normal Distribution

0.35 -

0.30 -

0.10 -

| ' | | i | |
-3 -2 -1 o 1 2 3

Figure B.6: Confidence interval.

The area of the filled region under the curve is 90% of the total area. The area of
the unfilled region is 10% of the total area. The area of the unfilled region on the

left is 5% of the total area. We can find a z-score for percentile 5 or percentile 95.

Python example:

from scipy.stats import norm

3 norm.ppf (0.05)
-1.6448536269514729

norm.ppf (0.95)
1.6448536269514722

MATLAB example:

norminv (0.05)
-1.6449

norminv (0.95)
1.6449

The 90% confidence interval is (+1.6450).

For the weight measurement example, the 90% confidence interval is +3.29kg. The
probability that the true weight falls between 76.71kg and 83.29kg is 90%.
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C. Modeling linear dynamic systems

This chapter generalizes dynamic model derivation for any linear dynamic system.

The following description includes integrals and differential equations.

This chapter is the most challenging chapter of the book. It is not
required for the understanding of the Kalman Filter principles. If you

feel uncomfortable with this math — feel free to skip it.

On my side, I tried to make my explanations as straightforward and easy to follow

as possible, and, of course, I provided real-life examples.

Derivation of the state extrapolation equation

Our goal is to derive the state extrapolation equation in the form:
Tpi1n = F,, + Gl +w, (C.1)

To do that, we need to model the dynamic system. In other words, to figure out the
state space representation of the dynamic system. The following two equations

are the state-space representation of the Linear Time Invariant (LTI) system:

(t) = Az(t) + Bu(t)

(C.2)
y(t) = Cx(t) + Du(?)

Where:

is the state vector

is the output vector

is the system’s dynamics matrix
is the input matrix

is the output matrix

SAQwe«< B’

is the feedthrough matrix

The following diagram summarizes the process of the state extrapolation equation

derivation.
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representation of the

dynamic system

Figure out the state space
y(t) = Cx(t) + Du(t)

x(t) = Ax(t) + Bu(t) ]

equation to find the state
transition matrix and

Solve the differential [
input transition matrix

Qo
| S

Write the state

) . x = FX,, + Gu
extrapolation equation ELn ”'” n.n

Figure C.1: The process of the state extrapolation equation derivation.

C.2 The state space representation

You might be wondering why the state space representation must be in the following

form:

i(t) = Az(t) + Bu(t)

(C.3)
y(t) = Cx(t) + Du(t)

Many computer software packages that solve differential equations require this

representation.

The best way to describe the state space representation is by examples.

C.2.1 Example - constant velocity moving body

Since there is no external force applied to the body, the system has no inputs:

u(t) =0 (C4)
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The state space variable x(t) is the body’s displacement p(¢) and the speed v(t).

z(t) = H (C.5)

p) To avoid confusion between the state vector x(t) (bold-face font) and the body
position along the z - axis denoted by z(t) (normal-face font), I've denoted

the body position by p(t).

i(t) = Az(t) + Bu(t) (C.6)

Pl Bxo (C.7)

-t

01
] e

We’ve got the first equation in a differential form.

The dynamic system output y(t) is the body displacement p(t) that is also the state

variable.
y(t) = Cx(t) + Du(t) (C.10)
p
p=C +D x0 (C.11)
)

p=1 0 H (C.12)
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c=1 9 (C.13)
We are done.

Modeling high-order dynamic systems

Many dynamic systems models are described by high-order differential equations.
The order of the differential equation is the number of the highest derivative in a

differential equation.

To tackle a high-order equation, we should reduce it to the first-order differential
equation by defining new variables and substituting them into the highest-order

terms.

The algorithm for reducing the differential equation order

A general n-th order linear differential equation can be expressed as a system of n
first-order differential equations.
The high-order governing equation of the dynamic system looks as follows:

d”y dnfly d2y dly
an%—i—an_lm—k...—i—agw—i—alﬁ—i—aoy:u <C14)

The governing equation completely characterizes the dynamic state of the system.

Reducing the equation order

1. Isolate the highest-order derivative:

d™y ag ar d'y  ay d?y 1 d" ly 1
— = —— o — 4+ — C.15
dtm ap, a, dtt  a, dt? a, dn1 + anu ( )

y and its first n — 1 derivatives are the states of this system.

2. Define new variables: Setting x; = y, we write:

(1) =y
Ty (t) = %
s (t) = L4 (C.16)
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Now, functions x;(t) are the state variables.
3. Take the derivatives of the state variables:
1 — 15 (1)
@2 — 23 (1)
(C.17)
2 — 25 (1)
den _ d'y
dt tr
4. Plug the isolated % term (see step 1) into the last equation:
T — 2y (1)
W= (t)
(C.18)
dry,—
dt b= (t)
d§—t”=—2—2551—Z—iﬁz—i—i%—---—aZ;l%Jri“
5. Express the resulting system of equations using vector-matrix notation:
dry iy 0o 1 0 1 0
dy i 0 0 2 0
: = : =1 : : : . : : clu
dont - o 0 0 - 0 1 o 0
dxy, . a a a An— An— 1
L] L) e —ar e s el Le ] L
(C.19)
That’s it. We’ve got the state space equation in the form of the following:
&(t) = Ax(t) + Bu(t) (C.20)
Where:
[ 10 0 |
0 0 0
A= : (C.21)
0 0 0 0 1
& _a @ ., , _O9n-2 _ Gn-1
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B-|: (C.22)

an

Let us see two examples.

C.2.3 Example - constant acceleration moving body

In this example, there is an external force applied to the body.

The governing equation for a moving body with constant acceleration is Newton’s

second law:
mp = F (C.23)

Where:

P is the body position displacement
m s the body mass

F is the external force applied to the body

p(t)

F(t)

Figure C.2: The constant acceleration model.

We are going to apply an order reduction algorithm to the governing equation.
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1. Isolate the highest-order derivative:

h—= —F 24
b= (C.24)

2. Define new variables z; and xs:

1 =D

. (C.25)
Ty =D
x1 and x4 are the state variables.
3. Take the derivatives of the state variables:
T =2
Lo (C.26)
Ta =D
4. Plug in the isolated p term (see step 1) in the last equation:
I"l = T2
C.27
I (C21)

5. Express the resulting system of equations using vector-matrix notation:

SR

Remember that zo = p. It would be more meaningful to denote z5 by v, since x5 is

0

1

m

F (C.28)

the body velocity.

We can rewrite the above equation as follows:

-
AR RAE

Where a is the body acceleration resulting from the applied force F.

0

1

m

Ia (C.29)

We’ve got an equation in the form:

i(t) = Axz(t) + Bu(t) (C.31)
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The state-space variable x(t) is the body’s displacement p(¢) and the speed v(t).

The dynamic system output y(t) is the body displacement p(t) which is also an

element of the state variable.

y(t) = Cx(t) + Du(t) (C.32)
p=C Pl 4 Da (C.33)
p= [1 0} Z + [O] a (C.34)

C.2.4 Example - mass-spring-damper system

The mass-spring-damper system includes three basic elements:
e mass - inertia element
e spring - elastic element

e damper - frictional element

p(t)
K
EVAVAVAVAVAVANEE
F(t)
p— m

Eak

Figure C.3: Mass-spring-damper model.

Each of the elements has one of two possible energy behaviors:

e stores all the energy supplied to it

e dissipates all energy into heat by the “frictional” effect
The mass stores energy as kinetic energy.

When the spring is compressed from its original length, it stores the energy as

potential energy.
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The damper dissipates energy as a heat.

These three components: mass, spring, and damper, can model any dynamic response

situation in a general sense.

The force diagram for this system is shown below.

p(t)

tf—

kp
—_—
F(t)
— m Cf)
—_—

Figure C.4: Mass-spring-damper forces.

The spring force is proportional to the position displacement p of the mass.
The viscous damping force is proportional to the velocity p of the mass.

Newton’s second law states:

d*p i}
Z F =ma= My = mp (C.35)

We proceed by summing the forces and applying Newton’s second law:
Y F=F(t)—cp—kp=mjp (C.36)

Where:
p is the body position displacement

m is the body mass
F' is the external force applied to the body
k is the spring constant

¢ is the damping coefficient

This equation is a governing equation that completely characterizes the dynamic

state of the system.
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We are going to apply an order reduction algorithm to the governing equation.

1. Isolate the highest-order derivative:

k 1
p=——p—p4—F (C.37)
m m m

2. Define new variables z; and xs:

1 =D

) (C.38)
Ty =D
x1 and zs are the state variables
3. Take the derivatives of the state variables:
o (C.39)
Ta =D
4. Plug in the isolated p term (see step 1) in the last equation:
T =2
e (C.40)

By =—2p—Lp+ LF

5. Express the resulting system of equations using vector-matrix notation:

-1 AR

Remember that: zo = p, It would be more meaningful to denote x5 by v, since x5 is

0

1

m

F (C.41)

the body velocity.

We can rewrite the above equation as follows:

H ) [—Oﬁ —1%]

We’ve got an equation in the form of the following:

0

1

m

p
v

+|. | F (C.42)

i(t) = Az(t) + Bu(t) (C.43)

The state-space variable x(t) is the body’s displacement p(¢) and the speed v(t).

The dynamic system output y(t) is the body displacement p(t) which is also an
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element of the state variable.

y(t) = Cx(t) + Du(t) (C.44)
p=c || + D% (C.45)

C.2.5 More examples

C.3

C.3.1

You can find many beautiful examples of state-space modeling on the ShareTechnote

site.

Solving the differential equation

Remember, for our Kalman Filter model, we need to determine the state extrapolation

equation in the form of:
i’n—l—l,n = F:%n,n + G'&/n,n <C46)

To get there, we shall solve the differential equation that describes the state space
representation. We can use computer software to solve the differential equation or

do it ourselves. Let us see how to solve the differential equation.

Dynamic systems without input variable

LTI dynamic system without external input can be described by the first-order

differential equation:
T = Ax (C.4T)

Where A is a system dynamics matrix.
Our goal is to find the state transition matrix F.

We need to solve the differential equation to find F.


http://www.sharetechnote.com/html/DE_StateSpaceModel.html
http://www.sharetechnote.com/html/DE_StateSpaceModel.html
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In a single dimension, the differential equation looks as follows:

dx "

a— A
dx

— = kdt
T

Integrating both sides results in the following:

xr1 1 At
/ —dx = / kdt
) T 0

Solving the integrals:

(l’l) ( ()) = k’At

In(x1) =In(xy) + kAL
2y = eln(@o)+kAt
2y = eln(eo) ki
T = xoettt

Similarly, in the multidimensional case, for:
T = Ax

The solution is:
Toi = Tt

We’ve found the state transition matrix F"
F — ALt

eA? is a matrix exponential.

The matrix exponential can be computed by Taylor series expansion:

Z 1

k!
k=0

Therefore:

(AAL)® N (AAL)® N (AAL)*

_AAt
F=c¢ =TI+ AAL+ 51 e 1

(C.48)

(C.49)

(C.50)

(C.51)

(C.52)

(C.53)

(C.54)

(C.55)


https://en.wikipedia.org/wiki/Matrix_exponential
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Where I is an identity matrix.

C.3.1.1 Example continued - constant velocity moving body

Now we can find the state transition matrix F' for the constant velocity motion

equations.

The following set of differential equations can describe the constant velocity dynamic

model.
 _
;it (C.56)
@ —

dt

In a matrix form:
) 01
) 0 0] |v

01
] o

Let’s calculate AZ
0 1|11]0 1 0 0
A% = = (C.59)
0 010 O 00
Since A? = 0, higher powers of A are also equal to 0.

Now, we can find the state transition matrix F' for the constant velocity model:

1 0 01 1 At
F =2 =T+ ANt = + At = (C.60)
0 1 00 0 1
1 At
x,, = Fx, = 01 T, (C.61)
1 At

0 1

Tni1 o
$n+1

33”] (C.62)

Ty,
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Dynamic systems with an input variable

For zero-order hold sampling, assuming the input is piecewise constant, the general

solution of the state space equation in the form of:

z(t) = Ax(t) + Bu(t) (C.63)
is given by:
At
x(t + At) = A2 (t) + / e dt Bu(t) (C.64)
¥ 0
G

If we remove the input variable (u(t) = 0), we get the solution derived in the previous

chapter.

I am not going to prove this - you can find the proof in [19], or any other calculus
textbook.

Now let’s solve the state space equations for the constant acceleration moving body
and the mass-spring-damper system examples.
Example continued - constant acceleration moving body

Recall that the state-space representation of the constant acceleration moving body

1s:

) 0 1 0
= Prylla (C.65)
v 0 0] |v 1
Where:
1
A [0 ] (C.66)
00
B H (C.67)
Let’s solve the equation:
AA 24
_ t t
z(t+ At) =" 'x(t) —{—/0 e'dt Bu(t) (C.68)

F
G
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Finding F
| (C.69)
) 0 1
We've already solved this for A = 0 0]
1 At
F = (C.70)
0 1
Finding G
At
G = / eAldt B (C.71)
0
The general formula for foAt eAtdt is the power series:
At 2 3
AAt  (AAt AAt
/ eAtdt:At<I+ ol +( 3|> +( 4,) +> (C.72)
0 . . .

A2 lo 1] lo 1] _ lo 0] (C.73)
0o o|lloo] oo

The higher powers of A are also equal to 0.

At 1 A2
10 0 1| At At SAt
/ eAldt = At + — | = 2 (C.74)
0 01 0 0] 2 0 At
At At 1A% |0 LA
G = / eAMdtB = 2 =2 (C.75)
0 0 At 1 At
Now, we can write the state extrapolation equation:
Prat) Pl 12200 (C.76)
Pnt1 0 1 Pn At
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C.3.2.2 Example continued - mass-spring-damper system

Recall that the state-space representation of the mass-spring-damper system is:

-1 I8
Where:
a=|" i] (C.78)
B- 3] (C.79)

In this example, computation of the matrix exponential is not so easy since the high
powers of A are not zero. The Solution of this differential equation is beyond the

scope of this book.



D. Derivative of matrix product trace

In this appendix, I prove two statements:

(1) % (tr(AB)) =BT

(2) L (tr(ABAT)) =2AB (for symmetric B)

Table D.1: Statements.

Statement 1

Given two matrices A(m x n) and B(n x m). The product of two matrices:

aip -+ Qip bii - bim Z?=1 aribip - Z?:l a13bim
AB=|: - || . 1= : :
m1 - Gmn bnl te bnm Z?:l am’ibil T Z:'Lzl amibim
(D.1)

The trace of AB is the sum of the main diagonal:

n

t’l“(AB) = Z ah‘bz‘l —+ -4 Z amibim = Z Z ajibij (D2)
=1

i=1 i=1 j=1

Differentiate using the function of gradient:

ag(X) . 85(X)
0X of(x) ... 9f(X)
azml OTmn
o ™ oajibig o M agibig
at (27,71 azaglzl J J) . (Z lazainl J ]) bll .. bnl
0A O3 2i1 2074 ajibij) O(32F1 2oL ajibij) b b
Bam1 T G 1m nm

(D.4)
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D.2 Statement 2

Given two matrices A(m X n) and B(n X n).

aip -+ Qin bir -+ b aix -t Gm
ABAT =
m1 *°° Amn bnl e bnn Q1p  * Qmn
n n
Zizl ajiby - -- Zizl a1:bin a1 - Aml
— . . . . (D.5)
n n
Zizl amibil e Zz‘zl a'mibin A1p - Amn

Dt Doy @uibygany e 300 Y a1ibijam,

D et Dt Gmibig@ny e 3000 Y Qmibij@mg

The trace of ABAT is the sum of the main diagonal:

tr(ABAT) = 33 aubyan -+ 3 anibytm =33 Y arbyar (D.6)

j=1 =1 7j=1 =1 k=1 j=1 =1
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O h1 D71 2oie1 kibijak;) O k1 271 2ie1 Okibijak;)
oai1 Oain
otr(ABAT) ) )
A

Okt 2oj1 i akibija;)

Okt 2oj1 i Akibijag;)

6af'm 1

n n
ijl bijai; + Y i a1ibi

n n
ijl b1j@mj + Y iy Amibi

n n
> j—1 15015 > j=1 @15bn;

: : + : :
n n n n
_Zj:l Amjbi; Zj:l Armjn; > ie1 @mibi D i1 amibin_
aix - Qip b1 - bm a1 A1n b1 b1y,
: + :
am1 Amn bln bnn am1 Amn bnl e bnn
= AB" + AB

If B is symmetric, B = BT:

otr(ABAT)
0A

Oamn
n n
> je bugarg + D25, aribin

n n
Zj:l bnjamj + Zi:l pmibin,

n
Zizl a1;bi

— AB" + AB= AB+ AB =2AB

n
Zizl a1;bin

(D.7)

(D.8)






E. Pendulum motion simulation

In this appendix we derive equations for pendulum motion simulation. Using these

equations, we create the ground truth for examples 12 and 14.

In section 12.3, we derived the differential equation that describes the pendulum
movement:
d*0

o = —gsin () (E.1)

Where:

6 is the pendulum’s angle
L is the pendulum’s string length
g is the gravitational acceleration constant

t 1s time

z = Lsin(@,)

mg

Figure E.1: Pendulum motion.



412 Appendix E. Pendulum motion simulation

We re-write the equation as:

0+ %sin& =0 (E.2)

This is a nonlinear equation, and we cannot solve it analytically.

Approximation: if # is small, then sinf ~ 6, and in this situation, we have an

approximate equation given by:

. g
0+=0=0 E.3
! (B3
The method we shall employ for solving this differential equation is called the method
of inspired guessing. Since the sine and cosine functions are periodic, we propose the

following solution for the angle # as a function of the time t:

0(t) = Acos(wt) + Bsin(wt) (E.4)
At t=0:
Ot=0)=A (E.5)

So, A is an initial angle, denoted by 6.

Re-write Equation E.4:

0(t) = Bpcos(wt) + Bsin(wt) (E.6)

The derivative of 6(¢) is the angular velocity (w) of the pendulum:

w(t) = fl—f — 0 = —whysin(wt) + wBcos(wt) (E.7)

To find B, evaluate w(t) at t = 0:

w(t=0)=wB (E.8)

B=" (E.9)



Thus, our proposed solution now has the following form:

0(t) = Oocos(wt) + Lgsin(wt)

Let us prove that Equation E.10 is a solution to Equation E.7.

0 = —whysin(wt) + wocos(wt)

6 = —w?hycos(wt) — wwpsin(wt)

6 = —w? <Hocos(wt) — ﬂsz’n(wt))
w

0 = —w?0

Comparing with Equation E.3, we conclude that:

<

(E.10)

(B.11)

(E.12)

(E.13)

(E.14)

(E.15)

(E.16)

Now, we can simulate the pendulum movement for small 6, using an approximation

sinf ~ 6.






F. Statistical Linear Regression

Note: In this appendix, for more convenient notation, I am using a counter variable

iin a subscript and not in a superscript.

Consider a nonlinear function y = g(x) evaluated in r points (X;,);) , where

Vi = g (&;). Define:

Equation Notes

T = % Yo X Mean of X;

y=2>..Y Mean of ),

P,=3%" (X —%) (X - z)" Variance of X;

P, = % S Vi—g) (Vi — @)T Variance of )

P, = %22:1 (X —x) () — @)T Cross-variance of X; and )
P,=" V-9 X - z)" Cross-variance of ); and &

Table F.1: Definitions.
We want to approximate the nonlinear function y = g(x) by a linear function
y= M (z)+b.

The linear approximation produces linearization error. For each point A&, the

linearization error is given by:

To minimize the linearization error, we should find M and b that minimize the sum

of squared errors for all X; points:

min Z {ele) (F.2)
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First, let us expand the above equation:

Equation Notes

Z {ele;} The sum of squared errors

i=1

=S {0 - Mx+6)" - (M4} Plige =Y, — (M +b)
i—1

= Z{yfyi —VIMX, — Yo — (MX;)" Y,
=1

+(MX)" MX; + (MX;)"b—b"Y, Expand
+b"M X, + bTb}
= Z{yf“yi — VIMX, = YIb— (VI MX;)"

i=1
Apply the matrix transpose

T T
+XMTMX; + (M X)) b— (Vb) property: (BA)" = ATBT

n ((MX,;)T b)T n bTb}

VYIM X; is a scalar (row vector

X matrix x column vector):

- T
=Z{y3’yi—2y,-TMXi—2y?b VIMX, = (V' M X))
=1
X MTMX, + 2 (MX) b+ bTb} Similarly: )

(MX)" b= ((MXL»)T b)

Vb= (¥rb)"

Table F.2: Expand the error equation.

To minimize, differentiate and equalize to 0.

First, find an optimal b parameter.



Equation Notes

8 T
= VIY, — 2V M X, — 2V b+
(21

+XTMTMX, +2 (MX,) b+ bTb}) —0

Z{ — 2T 4+ 2(MX;)" + 2bT} =0 Differentiate

i=1
DVi=MY Xi+>b Simplify

i=1 i=1 i=1

ry=rMx+rb Compute the sum

b=9y—- Mz Simplify

Table F.3: Finding an optimal b.

Find an optimal M parameter.

Equation Notes

a T

%<Z{yfyi — 29I M X; — 2Y] b+
=1

FXTMTMX, +2(MX) b+ bTb}) _0

—OVXT 4+ 2MXXT + 2inT} —0 Differentiate

— VAT + MXXT + (§ — M%) XiT} —0 Plughb

7

Z{ — VX + M X! +gXxXT — MEXZ-T} =0  Expand

S {yar - yxf} - MZ{XiXiT - zxf} Reorder
=1 =1

i{yleT_ysz}
M — i=1

> S xxT—mxT }

i=1

Table F.4: Finding an optimal M .
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Now we add two zero terms:
IS
Z {f T — X@T} =0
i=1

T

Z{y ET—yﬁT} =0

i=1

Notes

M — ’L?l
> { (w-m-=)” |
M TP;‘Z
B erx

M = Pl P! = P, P}

zy" xx

Add zero terms to the

numerator and denominator

Reorder

Apply the matrix transpose
property: (BA)" = ATBT

Table F.5: Finding an optimal M continued.

Summary

The linear approximation of a nonlinear function y = g(x) evaluated in r points

(X;,V;) , where ); = g (X;), described by the following:

y=Mx+b

(F.3)



Mimimization of the linearization error yields the following solution:

M =PI Pl =P, P!

Ty~ xT

b=7—- MZT






G.1

G. The product of univariate
Gaussian PDFs

Product of two univariate Gaussian PDFs

In this section, we derive the product of two univariate (one-dimensional) Gaussian
PDFs [16].

Let p(z); and p(x)s be Gaussian PDFs:

2

T) = exp | —=
P o1V 2T b 2 o1

(G.1)
2
() 1 12— po
x)y = exp | —=
Pz o9V 2T P 2 op}
Where:
1 is the mean of the first Gaussian PDF
{2 is the mean of the second Gaussian PDF
o1 1s the standard deviation of the first Gaussian PDF
0o is the standard deviation of the second Gaussian PDF
The product of the two Gaussian PDFs is:
1 1 (z—p 2 1 1 (x— 2
p(x)12 = p(x)1p(x)2 = o1/ CTP (—5 ( 011) ) oay/2n TP (—5 <—052> > =
(G.2)

=L exp (_%(W?)Qj“m*’ff)

2mo102

Let us examine the term in the exponent:

K = 1 ((.CE - “1)2 + (:E — :u2)2> (G?))

2 2
2 oy (op
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Equation Notes
_ (@—m)® | (@—p)®
K = 207 + 203
o2(x— 2+02 r— 2 .
K = 2 1302021( H2) Common denominator
1¥2
(0'%4—0%)12—2(/110%—1—;120%)1—%“%0%4—#%0%
K= 50702 Expand
x2—2“1‘7§+”2°% _H%’%'ﬂé"%
+ + s
K = 1 "2UQU% i Divide by 0% + o3
1
i

Table G.1: Ezponent term.

Define a zero term:

2 2
(mcrgﬂtzaf _( mo3+p20}
O'2+O'2 O'2+O'2
1 2 1 2
€= — =0 (G.4)

0103
2,2
o{+o3

Add the zero term to K:

2\ 2
2 _ gmostut o (uogtusod pios+pzot [ moitusod
. ota ¥ ot+a3 otta) oita3
K=K+e= iT: i T (G.5)
o‘%—&-o‘% Uf"'ag

The K equation is too long. Let us try to simplify the red and the blue terms
separately.

2 2
22 _ gtoituaod + p103+p207 ¢ Moituzo}
o2+o3 ’ o3+os ‘ o3+os

- (G.6)

2 2 2 2
2 0'10'2 2 0'10'2
U%JrU% 012+U§
2 2, 22 2 2\ 2 nio3+u3of o o 103 +pgol ?
Hios+u50] n105+poo] %(Uﬁ@)f e e
o2 T\ 2302 (0'2+02) oitoy
1t95 1195 _ 1to35
22 — pp)
of+e3 07403

2,22, ,2 4, 2 4, 2 2 2 2 4 2.2_,,2.4
PIO50] U 05 +U50 ] HUS0705 — 105 — 211 420705 — 1507
2.2(,24 2
20102(0'1+0'2)

_ i —2mp _ (u—pe)’®
2(0’%—0—0’%) 2(0’%—&-0’%)
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Combine the red term with the blue term:

. 2
(i — mojuert )
oi+o (p1 — p2)
K = 0-210'2 2 +2< 5 + 2) (GS)
2 21—"_22 01 02
01103

Multiply the nominator and denominator by: 1/4/0? + o3

2(0f + 03)

1/ T +0 (x_wf (1 — o)’
L2 71t exp (——M e > (G.9)

Rearrange
o #105-1-#20%)2 9
p()i2 = —1 erp | — (95 ik ! exrp <——('u1 ) >
o o252 o?o? 2 2 2 (52 2
V2 ﬁallé 2ﬁ011+;2 27 (07 + 03) (07 +03)
(G.10)
Let us define:
05 + U0
Pz = % (G.11)
1 2
oio3
= (G.12)
i 2

1 (z — po)” . (11 = o)
o o cop [ qs
poh V2mo p( 207, 2m (0} + 03) 2(0f + 03) o

The green term is actually a Gaussian PDF with mean p;2 and standard deviation

J12.

The orange term is a scaling factor that doesn’t depend on x:

(G.14)
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Appendix G. The product of univariate Gaussian PDFs

Summary

The product of two Gaussian PDFs is proportional to the Gaussian PDF:

1
vV 27'('0'12 P <

with mean:

Hi2 =

2 2
o] + 05

and variance:

2

019 =

oio;

o2+ o3

(T — p2)

2
202, )

(1105 + 207

Product of n univariate Gaussian PDFs

Let us see the result of three Gaussian multiplication.

Derivation of variance:

(G.15)

(G.16)

(G.17)

(G.18)

Equation Notes
0%,, - variance of three Gaussians product
0'2 O'2 . .
0%y = ﬁ 0%, - variance of two Gaussians product
o2 - variance of the third Gaussian
CTQ%U%"% 2,2
2 91193 2 __ 9193
O123 = 52,2 Plug o7, = 2102
2 2 to3
01+U
2.2 .2
2 010393 ; ;
Ol9s = 57325 Simplif;
12 7 G3(oFrod) toto} P
2 .2 2
2 910393
9123 = 525240203 +0003 Expand
2 _ o 2 2 2
0%y = Divide by oio50%

»—Aqw‘ =
+
wqm"‘ L
+
wqw‘ =

Table G.2: Three Gaussian multiplication variance.
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Derivation of mean:

Equation Notes
11123 - mean of three Gaussians product
112 - mean of two Gaussians product
o2 +02 . .
123 = % i3 - mean of the third Gaussians
3 12

2 2 2
b L S L oo}

37 52452 o240 2M3
123 — )
Hs o3+ C;lg22
01+U
L3 = 0%%#14—0301#24—0102#3
3 0'3(72+¢7§0 +01cr2
2 2 2 2 2 2
_ 03034110301 uatoyo53
H123 = 53 3

010203

_ 2
H123 = (% +5+ U%) 0793

0_2

123

0%, - variance of two Gaussians product

o2 - variance of the third Gaussian

Plug:
_ 02N1+”1“2
T
o2, = ‘71”2
12 o2+o03

Plug:
22 2
0103093

0302 + 0301 + 0102 =z,

Table G.3: Three Gaussian multiplication variance.

Using induction, we can show that the product of n Gaussians has the following

properties:

n
. Hi 2
UN = 5 | 9N
— 0
=1

(G.19)

(G.20)






H.1

H. Product of multivariate Gaussian
PDFs

L

Product of n multivariate Gaussian PDFs

In this section, we derive the product of n multivariate (multi-dimensional) Gaussian
PDFs [16].

Let M (p; X) be a multivariate normal distribution, where g is the vector of means

for variables & and X is the covariance matrix.

The PDF of N (u; X) is given by:
(@) = Lo w5 @) (11)
Where £ is a dimension of x.

For a more convenient notation, let us change the form of the equation, by moving
the W term into the exponent.

Table H.1: Change the form of a multivariate Gaussian equation.

Equation Notes
s = eap (in (i) Move the s term
= exp (—ln ((27r)k/2|2|1/2)) into the exponent.

p@) = cop( ~ J (@ - w)" =7 (@ - p)

Rewrite p(x)
~ln ((2m)/2[Z]2) )

(x—p) ' S (x—p) Expand the term
= (a:TE*Ia: — 'Sy — TS e+ ,uTEAM) (z — .U)T Sz —p)

Continued on next page
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Table H.1: Change the form of a multivariate Gaussian equation. (Continued)

'Sy =p's
(product of a vector, matrix,
and transposed vector is a scaler)

(@—p)" =71 (z - p)
= (:CTE_la: — 22Ty + uTE_lu)

p(x) = e:rp( - %mTE_lm +z2T'2 "y
Rewrite p(x)

CLpTE I ((20)F/2 D [H2) )

Define the term g as follows:
p(z) = exp (—32"S 'z + 2T 1p + g) g = —LuTS \p — In ((2m)H/2[5)/2)

Now, our multivariate normal PDF equation is much more elegant:
1
p(x) = exp (g + 2ty — éwTE_lm) (H.2)

The product of n Gaussian PDFs is:

p(z)n = Hp(m)i = exp (Z g+’ (Z 2;%) — %wT (Z 2;1> w) (H.3)

i=1

Let us define:

=y =) 5 (H.4)
=1
Sy =) 5 (H.5)
=1

Rewrite p(zx)n:

n n - 1 -
p(z)x = [ [ p(2): = exp (Z gi+a" Sy — §wT2le> (HL6)

i=1 i=1

Note that g is a constant that doesn’t depend on =x.
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Define:

1 _
gn = —5uh Sy — In (@) 2[3I{?) (H.7)

We can write the following:

1
p(x)y = exp ( +gnv + 2" Sy py - QwTE]_Vla:) (H.8)

Take the orange term to a different exponent:

1
p(x)y = exp <gN + x2S uy — 2:1?2?:1}) (H.9)

The orange term is a scaling factor S:

(H.10)

1
p(x)y =5 -exp <gN +a' By uy - QmTENl:c> (H.11)

We can see that the product of n multivariate Gaussian PDFs is a Gaussian PDF

(the green term) multiplied by a scaling factor with the following properties:

=) = (H.12)
i=1

=1

H.2 Product of 2 multivariate Gaussian PDFs

In the literature, you can also see that p15 for two sensors is calculated as follows:

piz = py+ 1 (B0 + o) (2 — ) (H.14)
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First, it looks familiar. It is identical to the Kalman Filter state update equation,
which also calculates the fusion of two normally distributed PDFs — the measurement
and the prior estimate. Second, it is computationally effective. We perform only one

matrix inversion.

In this section, we derive Equation H.14.

2
Th =) I =07+ 5 (H.15)

=1

2
Hi2 = 212 Z E;llllz = 212 (21_1[11 + 22_1[1/2) (H16)

=1

Substitute Xs:

pe = (B7"+ 22_1)_1 (7 + 25 o)

-1 —1\ 1 §—1 -1 —1\ 1 §—1 (H.17)
= (7 +50) D (B4 B
Define a zero term:
e= (ST 43" S - (BT 57T S e =0 (H.18)
Add € to py:
pis = po+e= (S 30 7 S+ (B2 T S (H.19)

. -l - T len
+(211+E21) E21,u1_(211+221) 1221114
Simplify the red term:

(24377 (9 35 ) = (574 35) 7 (97 457 = (H20)

Simplify the blue term:

(B 4350 Bt — (57251 S = (57 )T S (e - )
(H.21)
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o =+ (ST + 277 20 (2 — ) (H.22)

There are four matrix inversions in this equation.
Let us simplify the term (37" + 22_1)71 P

Equation Notes

(Zfl T 251)_1 251
_ -1 Apply the matrix inverse property:
(22 (21 ' + 22 1)) (BA)_l — A-1B-1

(Zz + 2,307 Expand

237! -
(S5t + 1)

35> > vl Multiply and divide I by %,

1y -1
((21 +30) ¥ 1)
Apply the matrix inverse property:

Ty (B4 2" (BA)™' — A-1B!

Table H.2: Reducing the number of the matrix inversions.

12 = 1+ 31 (B0 4+ o) (g2 — 1) (H.23)
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